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(3) Differential Algebra and Algebraic Groups by E. R. Kolchin, 1973.
What is differential algebra? It is the subject studying algebraic differential equations from the
algebraic standpoint.

Examples of algebraic differential equations:

(1) % + 2% + 5y = 0 (linear ordinary differential equation).

(2) (%)2 — 4y = 0 (nonlinear ordinary differential equation).

(3) Heat Equation: % = 7(% + giy?; + %) (linear partial differential equation).

(4) KDV Equation: % — % — Gu% = 0 (nonlinear partial differential equation).

In differential algebra, we are not interested in “solving”. In fact, it is very hard to solve differential
equations in closed form solutions and in general impossible. Our perspective is rather to study the
solutions and their properties from an abstract, purely algebraic point of view. This subject enjoys
many analogies with commutative algebra and algebraic geometry. Since polynomial equations are

algebraic differential equations of order 0, differential algebra could be regarded as a generalization
of classical algebraic geometry.

The main focus of this course is to study the set of solutions of a general system of differential
polynomials in finitely many differential variables over a differential field. These solution sets are
called differential varieties.

We address questions like:

(1) Can we replace an infinite system of algebraic differential equations by a finite system without
changing the solutions? (Ritt-Raudenbush basis theorem)

(2) Decompose a system of algebraic differential equations into finitely many “irreducible” system?

(3) Give a criterion to test whether a system of differential equations have a solution or not?
(Differential Hilbert’s Nullstellensatz)



Chapter 1

Basic Notions of Differential Algebra

In this chapter, we introduce the very basic definitions and constructions of differential algebra and
establish some first theorems concerning differential ideals.

1.1 Differential rings

All rings in this course are assumed to be commutative rings with unity 1.
Definition 1.1.1. A derivation on a ring R is a map 6 : R = R s.t. forVa,b € R,
1) 6(a+b) =d(a)+0(b);
2) (Leibniz rule) 6(ab) = 6(a)b + ad(b).
In this case, the element §(a) is called the derivative of a. Denote §(a),8?(a),...,86"(a) for the

successive derivatives, by induction on n, we obtain

Leibnize rule : 8™ (ab) = Z @) 5" (a)5" (b).
i=0

Clearly,
1) Ya € R,6(a™) = na"16(a).
2) 6(0) = 6(0 + 0) = 26(0) = 6(0) = 0.
§(1) =6(1%) =26(1) = 6(1) =0 = VYn € Z,5(n) = 0.

3) IfaleR, 6(1)=6a-a)=6()-a'+a-0(a)=0=6(1) =22

a

Lemma 1.1.2. Let R be an integral domain and § a derivation on R. Then § has a unique extension

to the quotient field Frac(R).
Proof. To show Existence. Define for each ¢ € Frac(R), 6(%) = M and show ¢ : Frac(R) —
Frac(R) is (D) well-defined and (2) it is a derivation.

@ Suppose & = £ = ad = be and §(a)d+ad(d) = §(b)c+bd(c). Show §(%) = H2b_adl) _ 5cy —
d(c)d—cé(d)
d? ’

@ Show (3 + 5) =06(%) +6(5) and 6(5 - §) = (5)5 + $0(5)
Uniqueness. V¢ € Frac(R),d(a) = (5 - b +
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O

Definition 1.1.3. A differential ring is a commutative ring R with unity 1 together with a finite set
A = {01,...,0m} of mutually commuting derivation operators(i.e.,Va € R,8;(6;(a)) = §;(6;(a))),
denoted by (R, A).

o [f card(A) = 1(i.e., A = {6}), (R,0) is called an ordinary differential ring.
o Ifcard(A) > 1, (R,A) is called a partial differential ring.

If R is also a field, (R, A) is called a differential field.

Examples:

1) Let R be a commutative ring with unity. Define § : R — R by d(a) = 0 for Va € R. Then
(R,9) is a differential ring. The rings Z, Q, Z,, have no other derivation operators than the
zero derivation.

2) Let R = Q[x],0(x) = 1. For any ag, ay,...,a, € Q, 0(ag+arz+---+a,x™) = d(ap) +0(ar1z)+
oo+ 0(apa™) = ay + 2a9x + - - + nayz™ L (R,0) is a differential ring.

3) Let F be a field of meromorphic functions of n complex variables z1, ..., z, in a region of C".
Then (F, {Biml’ ce % ) is a differential field.

4) If (S,9) is an ordinary differential ring and R = S[x] ,then for any arbitrary f € R, d(x) = f
turns R into a differential ring.
But this notion of arbitrarily defining derivation doesn’t work for the partial case.
Non-Exampe: R = Qz]. Let d1(z) = 1,02(x) = z. Since 01(d2(z)) = 1 # 2(d1(x)) = 0,
(R,{61,02}) is not a differential ring.

In this course, we focus on the ordinary differential case and for simplicity, we sometimes use “§-"
instead of “differential”. Denote © = {§"|: € N}.

Definition 1.1.4. Let (R,0) be a differential ring and Ry C R be a subring of R. If §(Rp) C Ry,
then (Ro,d|r,) is a differential ring. In this case, we say Ry a differential subring of R and say R
a differential overring of Ry.

If S C R, there exists a smallest differential subring of R containing all the elements of Ry and
S, denoted by Ro{S}, and S is said to be a set of generators of the differential ring Ro{S} over Ry.
Ro{S} coincides, as a ring, with the ring Ro[(0's)ses,ien]. A differential overring of a differential
ring Rg is said to be finitely generated over Rqy if it has a finite set of generators over Ry.

If both Ry and R are differential fields, Ry is said to be a differential subfield of R and R is said
to be a differential field extension of Ry.

Let L be a differential field extension of K and S C L. Denote by K[S], K{S}, K(S) and
K (S) the smallest ring, the smallest differential ring, the smallest field, the smallest differential field
containing K and S. Let ©(S) = {0'(s)|i € N, s € S}. Then K{S} = K[O(S5)], K(S) = K(6(S)).
L is said to be finitely generated if 3 a finite subset {a1,a9,...,an} C L s.t. L =K{ay,...,an).

Definition 1.1.5. Let (R,0) be a differential ring. An element ¢ € R is said to be a constant if
d(c) = 0. The set of all constants of R is a differential subring of R, called the ring of constants of R,
denoted by Cr. If R is a differential field, Cr is a field, called the field of constants of R.
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Examples:

1) R=QJz], d(z) =1.Cr = Q.

2) R =Zy(«P), 6(x) = 1. Then Cr = R.
Lemma 1.1.6. Let (F,d) be a differential field of characteristic 0 and Cr = F. Let L O F be a
differential field extension and L be algebraic over F. Then Cr, = L.

Proof. Let a € L. Suppose p(x) = apz™ + -+ + a1z + ag € Flz] is the minimal polynomial of a.
Then 6(p(a)) = %(a) 8(a) + 30 o 8(ai)at = %(a) -6(a) = 0. Since char(F) = 0 and %(a) # 0.
Thus é(a) = 0. O

Remark: Let L O F D Q and a € L. If a is algebraic over C'z, then §(a) = 0.

1.2 Differential ideals

Definition 1.2.1. Let (R,0) be a differential ring. An ideal I < R is a differential ideal if §(I) C I.
Example: Both I = (0) and I = R are differential ideals of R.

Proposition 1.2.2. Let I = (f1,..., fs) C (R,0) be the ideal in (R, ) generated by fi,..., fs. Then
I is a differential ideal <= Vi, 6(f;) € I.

Proof. “=" Trivial by definition.

“<” For each f € I, 3g1,...,95s € Rst. f = qifi + -+ gsfs. So d(f) = Zleé(gi)fi—}—
>oi 1 6(fi)gi € I, for §(f;) € I by hypothesis. Thus, 6(I) C I. O

Notation: Let S C (R,A). We use [S] to denote the smallest differential ideal of R generated by
S. Clearly, [S] = (©(5)) = (6's : s € S).

Example: Consider (Q[z],d) with §(x) = 1. Then [0] and Q[z] are the only differential ideals in
Q[z]. (Indeed, let [0] # I < Qx| be a differential ideal. Then 30 # f € Q[z] s.t. I = (f). Since I is
a differential ideal, 3(f) = L € (f). I f ¢ Q, f 1 9L. So, f € Q\{0} and I = Q[z] follows.)

An ideal I <1 (R, ) is called a radical (resp. prime) differential ideal if
1) 6(I)C I, and

2) I is a radical ideal (resp. prime ideal).

Notation: Given I <R, VI ={f € R|3In € Nst. f" € I}.

Given S C (R,A), let {S} be the smallest radical differential ideal containing S, and say {S} is
a radical differential ideal generated by S. (It will be clear in which context {-} denotes a radical
differential ideal or a set).

Now we turn to the construction of radical differnetial ideals. Normally, one may intuitively start
with S, consider [S] and then take its radical 1/[S]. However, this might not be sufficient.

Example: Let (R, ) with R = Zs[z,y],6(x) = y and 6(y) = 0. Consider I = [z?]. Since §(2?) =
0,1 = (2?). So VI = (x). But VT is not a differential ideal for §(z) = y & V1. So {z?} # /[=?2].
Exercise: Construct an example of an ideal I C (R,d) s.t. [V/I] is not radical.

(Let R = Clz,y], §(x) = y and (y) = 0. Let I = (zy). VI = (zy), [VI] = [zy] = (2y,4?). J := [V1]]
is not radical for 4% € J but y ¢ J.)
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Example: A maximal differential ideal (i.e., a maximal element in the set of all proper differential
ideals) is not necessarily prime. For example, let R = Zs[z] with §(z) = 1. Let J = [2?] = (z?).
Clearly, J is not prime but J is a maximal differential ideal. Indeed, if 31 < (R, d) with J ; I CR,
then 3z +bel. Butd(x+b)=1€1l,s0l=R.

However, if the ring R contains the rational field QQ, then the radical of a differential ideal is a radical

differential ideal (i.e., {S,} = /[5]).

Theorem 1.2.3. Let (R,0) be a differential ring, Q C R and let I C (R, ) be a differential ideal.
Then, VT is a radical differential ideal.

Proof. Tt suffices to show /T is a differential ideal. For this purpose, for each a € /T (i.e., 3a €
N,a” € I), to show 6(a) € vI. Claim: For each k,1 < k < n, a” *(§(a))®**~! € I. We show the
claim by induction on k and §(a) € v/I will follow by allowing k = n ((6(a))**~! € I = §(a) € VI).
If k=1, 6(a") = na""16(a) € I. Since Q C R, a"15(a) € I. Suppose a"*(§(a))? ! € I for some
1 < k < n. Then, §(a"*(5(a)®* ) = (n — k)a * D (5(a)® + a"F(2k — 1)6(a)?26%(a) € 1.
Multiply the above by d(a), we get a”~++1D(§(a))?*+! € I and we are done. O

1.3 Decomposition of radical differential ideals

In computational algebraic geometry, we have studied decompositions of radical ideals. In differential
algebra, we have analogous arguments.
Let (R,0) be a differential ring and let I be a radical differential ideal of R.

Lemma 1.3.1. Ifab € I, then ad(b) € I and 6(a)b € I.

Proof. ab € I = §(ab) = 6(a)b+ ad(b) € I = ad(b) - §(ab) = (ad(b))? + abd(a)d(b) € I = (ad(h))? €
I'= ad(b) € I and 6(a)b € 1. O

Lemma 1.3.2. Let S C R be any subset. Then I : S ={a € R |aS C I} is a radical differential
ideal.

Proof. 1) Va,bel:S,reR,aSCITandbSCI= (a+b)SCIandraSCI
=a+bel:Sracl:S. Sol:S§ isan ideal

2) Vael:S,aS CI. ByLemma 1.3.1,8(a)S CI=d(a)€l:S5. Sol:S is a differential ideal.

3) Va € R, suppose dn € N;a™ € I : S. Then a"S C I. So for Vs € S, a"s € I Xgl a"s" el =
as€lforVse S=acl:S.
Thus, I : S is a radical differential ideal.

Lemma 1.3.3. Let S be any subset. Let a € R. Then a{S} C {aS}.

Proof. Consider J = {aS} : a. By Lemma 1.3.2, I is a radical differnetial ideal. Since S C J,{S} C
J. Thus, a{S} C {aS}.
O

Lemma 1.3.4. For all subsets S,T C R, we have {S}T} C {ST}. Furthermore, {S} N{T} =
{ST}.
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Proof. Since for each a € S, by Lemma 1.3.3, a{T'} C {aT'} C {ST'}. By Lemma 1.3.2, {ST'} : {T'}
is a radical differential ideal containing S. Thus, {S}HT'} C {ST'}. The assertion {S}N{T"} = {ST}
follows from i) and ii):

i) ST C{S}.{T} = {ST} c {S}n{T};
ii) Va € {S}N{T},a? € {S}-{T} C {ST}. So a € {ST}.

We use Lemmas 1.3.1-1.3.4 to show the following;:

Lemma 1.3.5. Let T C R be a subset closed under multiplication and let P be maximal among
radical differential ideals that do not intersect T'. Then P is prime.

Proof. Suppose the contrary, i.e., P is not prime. Let a,b € R be such that ab € P but a ¢ P and
b¢ P. Hence P G {P,a},P G {P,b}. Thus, 3t; € {P,a} NT, 3ty € {P,b}NT. So t1ts € T but
tits € {P,a} - {P,b} C {P,ab} = P, a contradiction to PNT = (. O

In a commutative ring R, the nilradical {/(0) of R is the intersection of all the prime ideals of
R and every radical ideal of R is the intersection of all prime ideals containing it. In differential
algebra, we have a similar result.

Now, we are ready to state our main theorem of this section.

Theorem 1.3.6. Let I ; R be a radical differential ideal. Then I can be represented as an inter-

section of prime differential ideals.

Proof. We first construct for each z ¢ I a prime differential ideal P, such that P, O I and x ¢ P,. Let

T ={z" | n € N}. The set U = {P C R | P is a radical differential ideal of R,I C P,P N T = (}

is nonempty since I € U. By Zorn’s Lemma, 3 a maximal element P, in U. P, is prime by Lemma

1.3.5, and since P, NT =0, z ¢ P,. Clearly, I = QIPI is an intersection of prime differential ideals.
€T

O

In Section 1.2, we gave an example showing a maximal differential ideal might not be prime. But
if Q C R, then a maximal differential ideal in R is always prime.

Corollary 1.3.7. Let Q C (R,6) and M be mazimal among proper differential ideals. Then M s
prime.

Proof. Consider {M} = /[M] =+VM. If VM =R, then 1 € VM =1 € M, which contradicts M
being proper. Therefore, v M = M, M is a radical differential ideal. By Theorem 1.3.6, M = QMPQ
[}

where P, is a prime differential ideal. Therefore, for all a ¢ M, M = P, and thus, M is prime.
O

Remark: A differential ring R with Q C R is called a Ritt Algebra. We have shown in Section 1.2
and Section 1.3, in a Ritt Algebra:

1) The radical differential ideal {S} = +/[S];
2) A maximal differential ideal is a prime differential ideal;

3) Even in a Ritt Algebra R, the quotient R/M (M is a maximal differential ideal) might not be
a differential field.
Example: Let R = Q[z] with d(x) = 1. Then [0] is the unique maximal differential ideal.
R/[0] = R is not a differential field.
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Chapter 2

Differential polynomial rings and
differential varieties

Let (K, 9) be a differential field of characteristic 0. We hope to develop an algebraic structure and
algebraic theory for ordinary differential equations.

Definition 2.0.1. Let (L,0) be a differential field extension of (K,0). A subset S of L is said to
be differentially dependent over K if the set (6%(s))renses is algebraically dependent over K. In
the contrary case, S is said to be §-independent over K, or a family of differential indeterminates
over K. In the case S = {a}, we say that « is differentially algebraic over K or differentially
transcendental over K respectively.

Example: Let (K,6) = (Q(z), £) and (L,5) = (C(z,e*), £). Clearly, each c € C and o = e® are
differentially algebraic over K.

Definition 2.0.2. The ring of differential polynomials with coefficients in K in the differential
indeterminates vy, . . ., Yn 1S the ring of polynomials

K[6*y; |k € N,j=1,...,n], denoted by K{y1,...,Yn}

Its elements are called differential polynomials. K{yi,...,yn} is a differential ring with the derivation
operator § extending 8 |k and 6(6%y;) = 61 (y;).

Example:

1) Upy = Vg < 62y1 — 0yo = 0.

2) (du)2 = 4 &« (6y1)% — 418%(y1) = 0.
Definition 2.0.3. Let (Ry,61) and (R2.02) be two differential rings. A differential homomorphism
of (R1,01) to (Rg2,02) is a ring homomorphism ¢ : Ry — Ry such that ¢ 0§y = d2 0 . If Ry is a

common differential subring of Ry and Rz, and ¢ |r,= idR,, ¢ is called a differential homomorphism
over Ry.

a —— ¢(a)
J/51 l&z
d1(a) —2— p(d1(a))

We give two examples of differential homomorphisms:

11
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1) Let (K,9) C (L,6) be two differential fields. Then idg : (K,d) — (L,0) is a differential

homomorphism.
2) Take an element @ = (aq,...,a,) € L™, then the map
va: K{yt, .., yn} — L
f(yla--"yn) — f(a17"'aan)
" (i) — 5" (a;)

is a differential homomorphism over K. (uniquely determined by the value ¢(y;).) Here,
f(a1,...,a,) means replacing 6 (y;) for 6*(a;) in f(y1,...,yn).

Proposition 2.0.4. Let (Ry,9) and (Ra,0) be two differential rings and ¢ : Ry — R be a differential
homomorphism. Then Ker(y) is a differential ideal.

is an ideal of R, since ¢ is a homomorphism of rings. For each r € Ker(y), p(r) =0,

e(d(r)) = d(r) € Ker(p). O]

Proof. Ker(p)
s0 0(p(r)) =0

Corollary 2.0.5. Let (R,0) be a differential ring and I be an ideal of R. Then I is a differential
ideal of R <= (R/I,6) is a differential ring.

Proof. “=" Let r +1 € R/I. Define
o(r+1)=46(r)+1. (%)

To show (x) is well-defined, let v + I = r9 + I, we need to show d(ry) + I = §(re) + I. Since
r1 —rgo € I and I is a differential ideal, §(ry — r2) = 0(r1) — d(r2) € I. So §(r1) + 1 = d(re) + 1.

To show (*) is a derivation on R/I. Let ri+1,ro+1 € R/I, then §(ri+1+ro+1) =0(r1+r2+1) =
5(r1)+d(ro)+I=0(r1+1)+0d(ro+1I)and 6((ri+1)(re+1)) = d(rira+1) = 6(ri)ro+rid(re) +1 =
S(ri+1)-(ro+ 1)+ (r1+1)-6(ra+1).

“<” Let ¢ : R — R/I be defined by ¢(r) = r+ I for each r € R. Then Vr € R, p(d(r))
d(r)+1 =9(r+1)=9(e(r)), so ¢ is a differential homomorphism. By Proposition 2.0.4, I = Ker(
is a differential ideal of R.

RS

Definition 2.0.6. Let ¥ C K{yi,...,yn} andn = (n1,...,mn) be a point from (L,9) 2 (K,0). We
call n a differential zero of ¥ if for each f € X, f(n) = 0, (that is, ¥ C Ker(ypy, : K{y1,...,yn} —
Lm)).

In algebraic geometry, we consider algebraic varieties in an algebraic closed field. In differential
algebra, we have similar concepts to define differential varieties.

Definition 2.0.7. (K,J) is called differentially closed if for all F C K{y1,...,yn}, if 3(L,0) 2
(K,d) andn € L" s.t. F(n) =0, then 3¢ € K™ s.t. F(§) =0.
Let (L,0) D (K,0). (L,6) is called a differential closure of (K,d) if

1) (L,0) is differentially closed, and

2) for every differentially closed field (M, &) O (K, §), there is a differential embedding ¢ : L — M
with |K: idg.
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Definition 2.0.8. Let (E,0) be a fized differential closure of (K,5). The set of differential zeros of
Y C K{yi,...,yn} is called a differential variety over K, denoted by Vg(X) or V(X). For a subset
V C E", we denote I(V) = {f € K{y1,...,yn} | VE € V, f(§) = 0} to be the set of all differential
polynomials in K{y1,...,yn} which vanish at each point of V.. Clearly, I(V') is a radical differential
tdeal.

Let n = (m,...,m,) be a point from a differential extension field of (K,d). 7 is called a generic
point of a differential ideal I C K{y1,...,yn} ifVf € K{y1,...,un}, f(m,...,0n) =0& f €L

Example: In the algebraic case, I = (2% + y? — 1) C Q[z, y] has a generic point (lﬁt?’ %;g ). Also,
(cos(0),sin(f)) is another generic point. So generic points are not unique.

Lemma 2.0.9. Let P C K{y1,...,yn} be a differential ideal. Then P has a generic point < P is
prime.

Proof. “=" Suppose 7 is a generic point of P. Then P = I(n) is a prime differential ideal.
“«<" Suppose P is a prime differential ideal. Then K{yi,...,y,}/P is a differential domain. Let
L = Frac(K{y1,...,yn}/P) and y; = y;+ P. Then (y1,...,9n) € L" is a generic point of P. Indeed,
Ve P f(G, - Un) = fy1,.. . yn) + P =0 € L and Vf € K{y1,...,yn}, if f(J1,---,9n) = 0,
then f(y1,...,yn) € P.

O

In this chapter, we will prove the differential analog of Hilbert basis theorem for the differential
polynomial ring, i.e., the Ritt-Raudenbush basis theorem. Before that, we first introduce character-
istic set method, which is the main computational tool in differential algebra and also could provide
some theoretical insights. The idea behind characteristic sets is similar to the notion of Grébner
basis.

2.1 Differential characteristic sets

Motivated Example (Ideal membership problem):

(D In Q[z], every ideal is of the form I = (f) for some f € Q[z]. By the Euclidean division
algorithm, g = ¢f + r with » = rem(g, f). Then g € [ & r =0.

@) In Q[z1,...,xy), given an ideal I = (f1,..., fs) C Q[z1,...,xy], we use Grobner basis to test
whether g € 1.

(3 How about the differential ideal membership problem? (differential characteristic sets)

Let (K, ) be a differential field of characteristic zero. The differential polynomial ring
K{Y} 2 K{yi,...,yn} in the differential variables Y = {y1,...,y,} can be viewed as a polynomial
ring in the algebraic variables ©(Y) £ {§'(y;) | i € N,j = 1,...,n}. (ie., K{Y} = K[O(Y)])

A differential ranking on ©(Y') is a total ordering on ©(Y’) satisfying
(1) u < d(u) for all uw € O(Y) and

(2) if u,v € O(Y) with u < v, then §(u) < §(v).

Example:
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e The set O(y) = {6°(y) : i € N} has a unique ranking y < §(y) < 62(y) < 63(y) < - --
e Two important rankings on ©(Y") are the following:

1) Elimination ranking: y; > y; = 6*(y;) > 6!(y;) for any k,1 € N.
2) Orderly ranking: k > = 6*(y;) > 6'(y;) for all 4, j € N.

Lemma 2.1.1. Every ranking is a well-ordering (i.e., every nonempty subset of O(Y) has a least
element).

Proof. Let U C ©(Y) and U # 0. For each j € {1,...,n}, if 3i € N s.t. §'(y;) € U, then set
k;j = min{i | §'(y;) € U} and set u; = 6% (y;). Then the least element of U is the least element in
the finite set of u;’s. O

Until the end of this subsection, we assume a ranking  is fixed. And by convention, 1 < §%(y;).
(Denote d(a), 6%(a), 6% (a) by o, a”,a®™ (k > 3) respectively).

Definition 2.1.2. Let f € K{y1,...,yn}\K. The leader of f is the largest element of O(Y) with
respect to X which appears effectively in f, denoted by ug or 1d(f). By the two conditions in the
definition of ranking, for each i € N, 1d(8°(f)) = 6*(1d(f)). We write f as a univariate polynomial
of ug, then f = Iy(up)® + Iy_1(up)®t + -+ + Liup + Iy, where I; is free of uy and d = deg(f,uy).
The leading coefficient Iq is called the initial of f and denoted by 1y. The pair vk(f) := (uy,d) is
called the rank of f.

Example: Let f = (y)? — 4y € Q{y}. Then uy = 1d(f) = ¢ and I; = 1. Apple § to f, then we

have 6(f) - 2y/y” - 4y, So we get u(;(f) = y// = (5(uf) and I(S(f) — 2y/ — %
Note that in the above example, deg(d(f), us(s)) = 1 and I35y = %,

Definition 2.1.3. Let f € K{y1,...,yn}\K. % is called the separant of f, denoted by Sy.

Remark:
1) | =30 Tiug = 8(f) = T Tid(ug’) + S 6(Lug' = (0L, I i - ug =18 (us)+
Sl 8(Lius’ = Sp - 8(up) + 3o 8(L)uy'.
Note that us( sy = d(uy), Issy = Sy and deg(3(f), us(p)) = 1. (char(K) = 0)
Also, for k > 0, 6*(f) =Sy - 6%(uy) + tail polynomial involving derivatives less than 6% (uy).
((K,0) is a d-field, ¢ is algebraic over K = there is a unique way to make (K(c),d) a d-field.)
2) By convention, for f € K\{0},us = 1.

Definition 2.1.4. Let f,g € K{Y}, we say that f is partially reduced with respect to g if none of
the proper derivatives of u, (5i(ug) with i > 0) appears effectively in f.

Example:

1) Let f =42 g=y+ 1. Since u; = y and none of the proper derivatives of y appears in f, f is
partially reduced with respect to g.

2) Let f = 2yd(y)? +y and g = y + 1. Since d(ug) = 0(y) appears in the first term of f, f isn’t
partially reduced with respect to g.
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Definition 2.1.5. We say f is reduced with respect to g if

1) f is partially reduced with respect to g, and

2) deg(f,ugy) < deg(g,uy).

Definition 2.1.6. A subset A C K{y1,...,yn} is called an autoreduced set if any element of A is
reduced with respect to any other element of A.

Let AC K{Y}\K and F € K{Y'}. We say F is partially reduced w.r.t. Aif ....
Remark: If an autoreduced set A contains an element A € K\{0}, then A = {A}.

Lemma 2.1.7. Every autoreduced set of K{yi,...,yn} is finite.

Proof. Let A be an autoreduced set. For each ¢ = 1,...,n, there exists at most one differential
polynomial A € A such that 1d(A) = 6*(y;) for some k € N, for two differential polynomials Ay, Ay
with 1d(A4;) = 6% (y;) couldn’t be reduced with respect to each other. Thus |A| < n.

(For the partial differential case, we need to use Dickson lemma to show every autoreduced set is
finite.) O

Definition 2.1.8. Let f,g € K{y1,...,yn}\K. We say f has lower rank than g (f < g) if tk(f) <iex
tk(g). (<iex ts a well-ordering of ©(Y') x N*.) By convention, each element of K\{0} has lower rank
than elements of K{Y }\K.

Notation: We use f < g to denote either f < g or f and g have the same rank. (“ <7 is a
pre-order among K{y1,...,yn}.)

In the following, we write an autoreduced set in the order of increasing rank, i.e., 4 = Ay,..., 4,
with k(A1) <jer I"k(AQ) <lez * <lex l"k(Ap).

Let A= Ay,..., A, and B= By, ..., B, be two autoreduced sets. We say A < B if either
1) 3k (< min{p, q}) such that Vi < k,rk(A4;) = rk(B;) and Ay < By, or
2) p > ¢ and for each ¢ < ¢,rk(4;) = rk(B;).

If neither A < B nor B < A, we say A and B are of the same rank. A and B have the same rank <
p=gqand Vi < p,rk(A;) =rk(B;). Say A < B iff A < B or A and B have the same rank. (“ <7 is
a pre-order.)

Example: Consider K{yi,y2} and take the orderly ranking with 31 < 2. Let A = {A; = (32/)? +
1, Ay = 1" + 2}, B={B1 = v/ +2} and C = {C1 = (32')® + 2}. Since rk(4;) > rk(B;),B < A.
Since rk(A;) = rk(Cy) and |A] > |C|, A < C.

Proposition 2.1.9. Any nonempty set of autoreduced sets in K{Y} = K{y1,...,yn} contains an
autoreduced set of lowest rank.

Proof. Let U be any nonempty set of autoreduced sets of K{Y}. Define by induction a sequence of
subsets of U as follows: Uy £ U, for i > 0, define U; = {A € U;_1 | card(A) > i , the i-th element of
A is of lowest rank}. Then Uy D Uy D ---. By Lemma 2.1.7, 37 € N (actually ¢ < n in the ordinary
differential case) such that U; # () and U; 1 = (). Actually, any element of U; is an autoreduced set
in U of lowest rank. O

Definition 2.1.10. Let I C K{Y'} be a differential ideal. An autoreduced set of lowest rank contained
in I is called a characteristic set of I (with respect to the given ranking).
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Remark: By convention, () and {a} with a € K* are autoreduced sets. (Here, rk(a) = (1,1).)

We start to introduce pesudo-division of differential polynomials:

Lemma 2.1.11. Let A = Ay,..., Ap be an autoreduced set in K{Y'} and F' € K{Y}. Then there
erist F' € K{Y'} and t; € N satisfying

1) F is partially reduced with respect to A,

2) the rank of F is not higher than that of F,

p ~
3) 11 8%, F = F mod [A].
i=1

More precisely, H St F F can be expressed as a linear combination of derivatives 0(A;) with

coefficients in K{Y} such that (ua,) < up.

Proof. If F' is partially reduced with respect to A, then set F=Fandt; =0 (i < p). Otherwise,
F contains a proper derivative 5k (ua,) of the leader of some A;. Let vp be such derivatives of the
maximal rank. We shall prove the lemma by induction on vgr. Suppose for all G € K{Y} that doesn’t
involve a proper derivative of any u4, of rank > vp, the corresponding G and natural numbers are
defined satisfying the desired properties. There exists a unique A € A such that vp = 6%(uy) for
some k> 0. If A= Zfzo Iiua®, then

6F(A) = Sa0%(ua) + T with T having lower rank than 6*(us) = vp.

Denoting | = deg(F,vr) and write F as F' = Zi‘:o Jivp® where Jo, . .., J; don’t involve proper deriva-
tives of any u4, of rank > vp. Hence Sy'F = Zé:o JiSA T (Savp)t = Zé:o iS4 (=T)" mod (6%(A)).
Clearly, G = Zé:o JiSA (=T )i~ doesn’t involve proper derivatives of any wuya, of rank > wvp.
By the induction hypothesis, 3 G partially reduced with respect to A and k; € N such that
{ ki, Ai# A

) O
ki+1,A =A

., i _
[1 SXG = G mod [A]. Now it suffices to set F =G, t; =

=1

Remark: F constructed by the process in the proof is called the partial remainder of F' w.r.t A.

Recall the pseudo reduction algorithm in commutative algebra:
Let D be an integral domain and v an indeterminate over D. Let F, A € D[v] be of respective
degrees dp,d 4. Suppose A = IdAvdA +---+ Lo+ Iy # 0 with I; € D. Let e = max{dp —d4 +1,0}.
Then we can compute unique @, R € D[v] s.t. I F'= QA+ R and deg(R) < deg(A).

Theorem 2.1.12. Let A = Ay, ..., Ap be an autoreduced set in K{y1,...,yn}. If F € K{y1,...,yn},
then 3 a d-polynomial Fy (0-remainder of F) and r;,t; € N such that

1) Fy is reduced w.r.t A,

2) The rank of Fy is no higher than the rank of F,

P
3) 11 S4.I'i F = Fy mod [A].
=1
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Proof. Let F' be the partial remainder of F with respect to .A and H St = F mod [A]. Let

rp = max{0,deg(F,ua,) — deg(Ap,ua,) +1}. Then IF, 1 € K{Y'} partlally reduced with respect
to A and reduced with respect to A, such that IrppF = Fj,_1 mod (Ap). If p=1, then we are done.
Otherwise, we can find r,_; and F),_o € K{Y'} partially reduced with respect to A and reduced with
respect to Ap_1, A, s.t. IZ{’;I Iifpﬁ' = F, 5 mod (A, 1, A,) and is not higher than F. Continuing in
this way, we get Fp satisfying the desired properties.

O

Remark: The reduction procedures above could be summarized in an algorithm, called the Ritt-
Kolchin algorithm to compute the §-remainder of a d-polynomial F' with respect to an autoreduced
set A. Denote Fy above by d-rem(F,.A), or F = Fp.

Example: Consider K{yi,y2} and fix the orderly ranking with y; > ys.

(1) Let f =y and A= A; = yoy;. Here f e 0,and I, f —0 € [A].

(2) Let f =y} +1and A= A} = yoy?. ua, = y1 and Sa, = 2y2y1. Clearly, f is not partially
reduced with respect to A. §(A1) = 2y2y1] +y2y1 The partial remainder of f with respect to
A'is 2ypy1 —yby? = fand Sa, f— A} = f. La, F=15A1 = ya(2y2m1 — vhy?) — (—v5)yaut = 2031,
reduced with respect to A. So f ,_4> 2y3y; and IAlsAlf 2y3y1 = —yh A1 + 14, A} € [A].

Theorem 2.1.13. Let A be an autoreduced set of a proper differential ideal I C K{yi,...,yn}-
Then the followings are equivalent:

(1) A is a characteristic set of I.
(2) ¥fel, o-rem(f, A)=0
(3) I doesn’t contain a nonzero §-polynomial reduced with respect to A.

Proof. (2) < (3) is clear.

“(1) = (3)” Suppose f € I\{0} is reduced with respect to A = A;,..., A,. Let k € N be maximal
such that rk(Ag) < rk(f). Then Aj,..., Ay, f is an autoreduced set lower than A. (Here, in the
case rk(f) < rk(A;), take k = 0 and {f} is an autoreduced set < A.) Thus, we get a contradiction,
and (3) is valid.

“(3) = (1)” Assume (3) is valid. Suppose A = Ay,..., A, is not a characteristic set of /. Then
1B = Bj,...,B,, an autoreduced set of I of lower rank than A. Thus, by definition, either
(1) 3 k < min{p, ¢} such that for i < k, rk(4;) = rk(B;) and Ay > By, or (2) ¢ > p and for
i <p, 1k(A4;) = rk(B;). Then either By, or By is nonzero and reduced with respect to A. O

Remark: By Theorem 2.1.13, if A = Ay,..., A, is a characteristic set of I C K{Y}, then I4,,S4, ¢
I(Vi=1,...,p).

A characteristic set of I can be obtained by the following procedure (non-constructive) : choose
A; € I of minimal rank. Choose A of minimal rank in theset {f € I'| f is reduced with respect to A;}.
Then A1, Ay is autoreduced. Choose A3 of minimal rank in the set {f € I | f is reduced with respect to A;, As}.
Then Aq, Az, As is autoreduced. Continue like this. The process must terminate for an autoreduced
set is finite. In the end, we will obtain an autoreduced set A := Ay,..., A, of I such that no
polynomial in I is reduced with respect to A. Clearly, A is a characteristic set of I.



18 CHAPTER 2. DIFFERENTIAL POLYNOMIAL RINGS AND DIFFERENTIAL VARIETIES

Lemma 2.1.14. Let A be a characteristic set of a proper 6-ideal I C K{Y}. Denote H} to be the
multiplicative set generated by initials and separants of elements in A and set sat(A) := [A] : HY =
{feK{Y}|3IM e HY ,Mf € [A]}. Then I Csat(A). Furthermore, if I is prime, I = sat(.A).

Proof. By Theorem 2.1.13,V f € I,é-rem(f, A) = 0. Thus, Jis,t4 € N(A € A) s.t. AHAI%S%JC €
€

[A], i.e., f € sat(A). If I is prime, for each f € sat(A), Jia,ta s.t. AHAIZ“Si{‘f € [A] C I. Since
€
I4,S4 arenotin I, f € 1. O

Exercise: Develop a division algorithm as follows:
Input: f € K{Y} and an autoreduced set A = A;,..., A, w.r.t. a fixed ranking.
Output: g € K{Y}, the d-remainder of f wr.t. A (ie. 1). gisreduced wr.t. A, 2). Jiy,j, €N

st 4T3 S0 ST f— g e [A)).

2.2 The Ritt-Raudenbush basis theorem

Hilbert basis theorem: Every ideal of K[yi,...,yy] is finitely generated. (Every ascending chain of
ideals in K[yi,...,yy] is finite.)

One might hope ACC condition holds for differential ideals in K{yi,...,y,}. However, this is not
true.

Non-example: Consider K{y} with Q C (K,5). The sequence of differential ideals [y?] C
v, ()] € [v% (v)? (y")?] C -+ doesn’t stabilize in K{y}.

Definition 2.2.1. A differential ring is called Ritt-Noetherian if the set of radical differential ideals
satisfies the ascending chain condition (ACC).

Lemma 2.2.2. Let (R,0) be a differential ring. Then R is Ritt-Noetherian < every radical dif-
ferential ideal I of R is finitely generated as a radical differential ideal. (i.e. 3 fi,...,fs € I s.t.

I= {fla---afs})'

Proof. “=" Let I be an arbitrary radical differential ideal of R. Suppose I is not finitely generated as
a radical differential ideal. Then we can construct a strict increasing sequence of radical differential
ideals, i.e., {a1} G {a1,a2} G --- G {ar,a0,...,0,} G ---.

“<” Let I C Iy C --- be sequence of radical differential ideals. Take I = (J;2, [;. Then I is a
radical differential ideal. Thus, 3 f1,...,fs € I st. I ={f1,..., fs}. Since each f; € I, I3m € N s.t.
fieln, Vi=1,...,5). So{fi,....,fs} CLn CI= I, =ILnyj={f1,..., fs} for j e N. O

Theorem 2.2.3. Let (K,§) be a differential field with Q C K. The differential polynomial ring
K{y1,...,yn} is Ritt-Noetherian.

Proof. By Lemma 2.2.2; it suffices to prove that every radical differential ideal of K{y1,...,yn} is
finitely generated as radical differential ideals. Suppose the contrary and 3 a radical differential ideal
of K{yi1,...,yn} that is not finitely generated. By Zorn’s lemma, 3 a maximal radical differential
ideal J C K{y1,...,yn} that is not finitely generated.

Claim: J is a prime differential ideal.

If not, then 3a,b € K{y1,...,yn} st. a,b ¢ J but ab € J. Since {a,J} 2 J and {b,J} 2 J,
{a,J} and {b, J} are finitely generated as radical differential ideals. Then 3 fi1,..., fs,91,..., 9t € J
st. {a,J} = {a, f1,...,fs} and {b,J} = {b,q1,...,9:}. (Indeed, as {a,J} is finitely generated,
Jhi,..., 0y st {a,J} = {h1,...,y}. For each i, h; € {a,J} = Im; st. h" € [a,J]. So
Afi,.. fs € I ste B € [a, fi,..., fs]. Thus, hy € {a, f1,..., fs} = {a,J} = {h1,... .y} C
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{avflu"-va} - {OL,J})

Hence,
JQQ{a,J}'{b,J}:{(l,fl,...,fs}'{b,gl,...,gt}
C {ab,ag;,bfi, figj : 1 <i<s,1<j<t} &P
C J.

Foreach f € J, f2€ J2C P= fe P=J=P={abag;,bfi, figj : 1 <i<s,1<j<t}, which
contradicts to the hypothesis that J is not finitely generated.

Fix a ranking on O(Y’) and take a characteristic set A of J under this ranking. Let A = A;,..., 4,
p
and denote IS £ [](14,84,) € K{Y}. Since J is prime, J = sat(A) = [A] : HY C {A} : (IS). Since

=1
14,,54, ¢ J for each 4, IS ¢ J. Thus {J,IS} is finitely generated as a radical differential ideal. That
is, dh1,...,h; € J s.t. {J, IS} = {hl, ey by, IS} Thus,

J*CJ-AJI8Yy = J - {h,...,ly,IS}
- {hl,...,hl,A}(for IS-J - {A})
CJ

Hence, J = {h1,...,hi, Ay,..., Ay}, which leads to a contradiction. So every radical differential
ideal of K{y1,...,yn} is finitely generated as a radical differential ideal. O

Example 1: [y?] S [v%, (v)?] S [v% ()%, (y")*] S - - is an infinite increasing sequence of differential
ideals.

Proof. Let I, = [y2, (v/)?, ..., (y™)?] with n > 0. Define weight for each yyU) to be wt(y¥y)) =
i+j. Let V,, be a subspace of K{Y'} generated by all yMyl) of degree 2 and weight n. Then we get

Vo = Spang (y?)

Vi = Spany(yy')

Vo = Spang (yy”, (¥')?)

Vs = Spang (yy®, y'y")

Von = Spanc(yy ™, y/y@n=b .. (y™)?

Vani1 = Spang (yy @b o/ y@m) o y(my (i)

Clearly, dimVs, = dimVs,41 =n+ 1 for n € N.
Claim: (1) Vapiz = Spang (62(Vay), (y+1D)?2).

(2) In N Vanyo = Spang (62(Van)) G Vanso.
To show (1), note that §2(y*¥)y(>»=k)) € Va5 and

52 (yy(Zn)) 1 9 1 o 0 0 yy(2n+2)
82 (y'y@n=h) 0 1 2 - 0 0| yy*Y
62((3/.("))2) 0 0 0 2 2 y(n)y.(n+2)
(y(n+1))2 0 0 0 0 1 (y(n+1))2
A

Det(A) = 1 = {62(Van), (¥ D)2} is a basis of Voo = (1) is valid.
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To show (2), since Va,, C I, 1, Spang{0%(Van)} C I, N Vap1o. And
Iy N Vanyo C Spange (62772726 (N2 . | = 0,. .. n) = Spang (62[62" 2 (y*))2] : k = 0,...,n) C Spany (62(Van)).

Thus, I, N Vani2 = Spang (62(Vay,)) ;Ct Vanao. Hence, Vi, C I, and Vo100 & I, for all n € N. Thus,

I, G IiiVneN. O

Theorem 2.2.4. Let R be a differential ring which is Ritt-Noetherian and Q C R. Then for every

radical differential ideal I G R, there exist a finite number of prime differential ideals Py, ..., P s.t.
l
I=(P. (2.1)
i=1

Moreover, if (2.1) is irredundant (Vi, (| P; € P;), then this set of prime ideals is unique. In this
i
case, Pi,..., P, are called prime components of I.

Proof. Suppose the statement is false, i.e., theset A = {I | I & K{y1,...,yn}is a radical differential
ideal and I is not a finite intersection of prime differential ideals} is not empty. Since R is Ritt-
Noetherian, every ascending chain of radical differential ideals has an upper bound in A. By Zorn’s
lemma, A has a maximal element J € A. Clearly, J is not prime. So Ja,b ¢ J but ab € J. Thus,
{J,a} 2 J and {J,b} 2 J. Also, {J,a} # R. Indeed, if not, then 1 € {J,a}. Since Q C R, 1 € [J, d]
and 1 = f + > %0%(a), where f € J. By ab € J and J is radical, b6*(a) € JYk € N. So
b= fb+ > *b6¥(a) € J, contradicting to b ¢ J. Similarly, {J,b} # R could be shown.

By the maximality of J, 3P, ..., P?, PlliH, cees Ple prime differential ideals in R s.t.
{J,a} = P{N---N P and
(1.6} = B}y 0= Bl
Now show J = {J,a} N {J,b}. Indeed, let f € {J,a} N {J,b}, then f? € {J,a}-{J,b} C {J,ab} C
J = feJ Thus, J={Ja}n{Jb} =Pn---NP'N Plb+1 N---N Pﬁrt, contradicting to the
hypothesis J € A. So the first statement is valid.

! ¢ l

Uniqueness. Suppose I = (| P; = [ Q; be irredundant intersections. Foreachj =1,...,t, () P; C
i=1 j=1 i=1

Qj. Then Jig € {1,...,1} s.t. P, C Q;. Indeed, suppose the contrary, then 3 f; € P;\Q; for each

l
i=1,...,01. Thus, fifo--- fi € (| P; € Qj, which yields a contradiction. Similarly, 3 jo € {1,...,t}
i=1

¢

st. Qj, € Py € Qj. Since I = () Q; is irredundant, jo = j and P;, = Q;. Thus, I =t and 3 a
j=1

permutation o € §; s.t. P = Q). O

Corollary 2.2.5. Every proper radical differential ideal I G K{y1,...,yn} (char(K) = 0) can be
l

written as a finite intersection of prime differential ideals. If I = () P; is irredundant, P; are called
i=1
prime components of I.

l(y(n))Z c In7(y(7zfl))2 cl, = y(nfl)y('rw»l) c [n7(y(n72))2 cl, = 2y(n+2)y(n72) +8y(n+1)y(n71) +6(y(n))2 c
I, = y(n—Q)y(n+2) el,,.. .7yy(2n) cl,.
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Example: I = {y/? — 4y} C Q{y}. Then I = {y? — 4y,y"” — 2} N {y} (Chapter 3).

We end this chapter by giving an example illustrating a differential ideal is not finitely generated
as a differential ideal.
Example 2: The radical differential ideal {xy} C K{x,y} is not finitely generated as a differential
ideal. In other words, there doesn’t exist finitely many differential polynomials fi,..., fs € K{z,y}

st. {zy} = [f1,..-, fs]-

Proof. Let I = {zy} C K{z,y} and J = (zWy0) : i,j € N) C K{z,y}.
Claim A: T =J.

Indeed, J C I, for ay € 1 Vi, jeN,zWyl) e .

It is easy to show that J is a dlﬁerential ideal and the following fact:

Lemma 1.3.1

f ¢ J < f has a term not involving any y) (or ().
The fact implies that J C {zy} is a radical differential ideal and I = J follows.
Now suppose the contrary, i.e., 3 fi,...,fs € K{z,y} st. I = [f1,...,fs]. Since I = J, then
Jqg € Nst. fi e [z29y0) .0 < i,j < q]. Hence, I = [zWy0) : 0 < 4,5 < ¢]. In particular,
et Dylat) ¢ [z0y0) . 0 < 4,j < ¢, we obtain (y("]+1)‘)2 e [yDyl) 4,5 < q] () by substituting
x = y in the expression of 2@V y(@+1) in terms of 2y (i, j < q).
Use the notation in Example 1, (y4+1)2 € Vo o and Vogyo = Spanj(62(Vay), (y(4T1)?).
But, [y@y\) : i, 5 < q] N Vagya = Spang(6%(Vay))-
Indeed, V2q (y)? 2 < q € [y Dy i, j < q] = 6°(Vag) C [yWyY) 1. j < q] N Vageo.
On the other hand, V f € [y y( 7 iy < q) N Vagaa,

f= Z cij62q+2‘i_j(y(i)y(j))
0<i,j<q
= 37 ;0% (627 (yDy D)) € Span(82(Vay)).

0<i,j<q

Since (yl9+1)2 ¢ Span ¢ (62(Vay)), (¥9+1)? ¢ [yWyl) - i, j < q], contradicts to ().
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Chapter 3

The Differential Algebra-Geometry
Dictionary

Let (K, J) be a differential field of characteristic 0. Let K{Y'} = K{y1,...,yn} be the differential
polynomial ring in the differential variables yi,...,y, over K. Any 3 C K{Y'} defines a system of
algebraic differential equations. The main objective of differential algebra is to study the solutions
of such system (i.e., differential varieties, our main protagonists).

3.1 Ideal-Variety correspondence in differential algebra

Recall the definitions of differentially closed fields and differential varieties:

For f € K{Y} = K{y1,...,yn}tand n = (n1,...,nn) C L™ with (L, ) D (K, J), n is a differential
zero of f if f(n) = 0. Here, f(n) means replacing 6*y; by 6*n; in f(y1,...,yn).

(E,9) is differentially closed if for all F' € E{y1,...,yn}, whenever 3(L,d) O (E,d) and n € L™
s.t. F(n) =0, there exists £ € E™ s.t. F(§) = 0.

Let (K,9) C (E,6). (E,0) is called a differential closure of (K, 0) if

1) (E,9) is differentially closed, and

2) for every differentially closed field (M, d) O (K, ), there is a differential embedding ¢ : E — M
with ¢ |K: idg.

Throughout this chapter, (E,d) O (K,¢) is a fixed differentially closed field. By a differential
affine space, we mean any E™ for n € N. An element (7,...,7,) € E™ is called a point.
A set V C E™ is called a d-variety over K if 3¥ C K{Y'} s.t.

V=V(S)2 {ye B | f(n) =0,¥f e s}
Let IT = {d-varieties in E™ over K }. Then II satisfies:
1) 0,E™ €11,
2) It Vi,V eI,V UV, €I
3) Any intersection of elements of II is an element of II.

23
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So II is a topology on E™, called the Kolchin topology, as compared to the Zariski topology
in algebraic geometry. A §-variety is called a Kolchin-closed set. For a set S C E™, the smallest
S-variety (with respect to inclusion) containing S is called the Kolchin closure of S, denoted by X!,

For a subset S C E", define I(S) = {f € K{y1,...,yn} | V0 €S, f(n) = 0}. It is easy to show
that I(.S) is a radical d-ideal in K{Y}, called the vanishing d-ideal of S.

Proposition 3.1.1. 1) If S} C Sy C E™, then [(S2) C I(S7).
2) [f P1 g PQ Q K{Y}, then V(Pg) g V(P1>
3) If S C E™, then V. =V(I(S)) is the Kolchin closure of S and 1(V') =1(S).

Proof. 1) and 2) are straightforward.
To show 3): Let S¥°l = V() for ¥ C K{Y}. For every f € ¥, f |s= 0= f € I(S). So X C I(S).
Thus, V = V(I(S)) C V(X) = S¥°l. Hence, SK°! =V,

SCV=ILV)CILS). If 3f € (S\I(V), then In € V s.t. f(n) #0. Set &1 =L(V)U{f}.
Then ¥; C I(S) = V(21) 2 V(I(S)) = V. Since n € V,n € V(£1). So f(n) = 0, which yields a
contradiction. O

Now we have two maps between II and the set of radical d-ideals in K{Y'} = K{y1,...,yn}:

I: {d-varieties in E™ over K} — { radical -ideals in K{Y'}}
Vv I(V)
and
V: {radical §-ideals in K{Y'}} — {d-varieties in E™ over K}
J V(J)

Corollary 3.1.2. For every d-variety V., V(I(V)) = V. Hence I is injective and V is surjective.
Proof. By Proposition 3.1.1, V = VKol = y(I(V)). O

A point n € L™ (L O K a differential extension field) is a generic zero of a differential ideal I if
I =1(n). Clearly, a differential ideal I is prime < I has a generic zero.
“=" If I is prime, set L = Frac(K{y1,...,yn}/I). Then (g1,...,yn) € L™ is a generic zero of I.

Next section, we will give the differential Nullstellensatz theorem (both the weak and strong
analogues of the Hilbert’s Nullstellensatz theorem). Continuing Corollary 3.1.2, we will show I and
V are inclusion-reversing bijective maps. For the content in this section, all the results are valid
even if F is not differentially closed. But for the differential Nullstellensatz theorem to be valid, F
is required to be differentially closed.

3.2 Differential Nullstellensatz

The Hilbert Nullstellensatz in algebraic geometry has two forms:
Theorem (Weak Nullstellensatz)

Let F C K[x1,...,2,). Then V(F) ={ne K" | F(n) =0} =0 < 1¢€ (F).
Theorem (Strong Nullstellensatz)

Let FF C Klx1,...,2,] and f € K[z1,...,2p). If f |y()=0, then f € V(F).

We have differential versions of Hilbert Nullstellensatz in differential algebra.
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Theorem 3.2.1 (Weak Differential Nullstellensatz). Let F' C K{y1,...,yn} and (E,0) 2 (K,0) a
differentially closed field. Then V(F)={ne€ E" | F(n) =0} =0<1 € [F].

Proof. 1t suffices to show that if [F| # K{y1,...,yn}, then 3np € E™ s.t. f(n) =0 for all f € F.
Since 1 ¢ [F], \/[F] # K{y1,...,yn}. Let /[F] = Nl_, P, be the minimal prime decomposition. Let
M = Frac(K{y1,...,yn}/P1). Then M is a differential extension field of K and (y1,...,yn) € M"
is a generic zero of P,. F C Py implies that (g1, ...,¥,) is a differential zero of F'. Since E O K is
differentially closed, there exists n = (1,...,m,) € E" st. Y f € F, f(n) =0. O

Theorem 3.2.2 (Differential Nullstellensatz).

o Let FC K{yi,...,yn}t and f € K{y1,...,yn}. If f vanishes at every differential zero of F' in
E", then f € {F}.

o [(V(F)) = {F}.

Proof. (Use Rabinowitsch’s trick for the case f # 0)

Intruduce a new differential indeterminate ¢ and consider the new differential polynomial set
F,1—ftin K{y1,...,yn,t}. Since f vanishes at every differential zero in E" of F, V(F,1—ft) C E"*!
is the emptyset. By the weak differential Nullstellensatz, 1 € [F,1 — ft] C K{y1,...,yn,t}. Hence,
JA;,B; € K{y1,...,yn,t} and s € N s.t.

s ) s .
1= Z AzF(l) + Z Bj(l - ft)(])
i=0 j=0
Since f # 0, replace t by % at both sides, then we have

S
There exists m € N s.t. f™ > Ai(y1,- -, Yn, %) € K{y1,...,yn} and we have [ € [F]. O
i=0

Remark: As above, we give an abstract proof for the weak differential Nullstellensatz following
Ritt. The first constructive proof was given by Seidenberg using elimination theory.

The Differential Nullstellensatz and Corollary 3.1.2 show that the two maps I and V are bijections.

Theorem 3.2.3. The maps V — I(V) and I — V(I) define inclusion reversing bijections between
the set of all differential varieties in E™ over K and the set of all radical differential ideals in

K{yi,...,yn}.
Definition 3.2.4. Let V C E™ be a differential variety. Then the differential ring

is called the differential coordinate ring of V.!
W C E" is called a differential subvariety of V if W C V and W is a differential variety in E™.?

Theorem 3.2.3 can be generalized to arbitrary differential varieties in place of A™ = E™.

Corollary 3.2.5. Let V C E™ be a differential variety. The map

!Since for any a € V, fi = fo implies fi(a) = f2(a). So K{V} could be regarded as a ring of differential functions
on V.
2 Assume all differential varieties are over K unless indicated.
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Wi {f e K{V}| f(a) =0 Vae W}

is an inclusion reversing bijection between the set of differential subvarieties of V and the set of

radical differential ideals in K{V'}.

Remark: (Effective Hilbert Nullstellensatz and Effective differential Nullstellensatz)
Effective Nullstellensatz
Let Py,..., P, € Clxy,...,z,] = C[X]| have degree at most D > 1. If Pj,..., P, have no
common zero in C", then there are polynomials Ay, ..., A, € C[X] of degree bounded by B(D, n,m)
st. 1=A1Pi+-+ ApPp?

o deg(4;) <2(2D)?""" (Hermann, Math. Ann., 1926)

lower bound: deg(A;) > D™ — D"~ (Masser-Philippon)

deg(A;) < unDH* + uD for p = min{m,n}
< 2n?D* (Brownawell, Ann. Math., 1987)
d1d2-~-dm ifmgn
deg(A;P) < ¢ dy---dp_1dy ifm>n>1 (Kollar, J. Amer. Math. Soc., 1988)
di+d,—1 ifm>n=1

Here deg(P;) = d; and assume dy > dy > -+ > dp, > 2.

N'(dy,...,dpn;n) ifm<n
2N'(d1,...,dm;n) —1 ifm>n

deg(A;P;) < { (Jelonek, Invent. Math., 2005. New Proof)

Subsequent work on sharper bounds or new proofs.

Effective Differential Nullstellensatz
If Fi,...,F, € K{y1,...,yn} have no common differential zeros in E”, then 3s € N and A;; €
ks .
K{y,.. . yn} st 1=3 5 Ay;FY,
i=15=0

To give a bound for s in terms of the order h, degree d and # derivation operators m and #
differential variables n.*

Focus on the ordinary differential case:

e 5 < A(q, max{n, h,d}).> (Golubitsky, J. Algebra, 2009)

3
e K: constant differential field. s < (n(h + 1)d)2c(n(5+m for a universal constant ¢ > 0.
(D’ Alfonso, J. complexity, 2014)

n3(T+1)3)
(

o s< (an)QO( Gustavson, Adv. Math., 2016)

31f such a degree bound B(D,n,m) for A; exists, to decide whether Py = --- = P,, = 0 has a zero is reduced to
solve linear equations.

41If such a computable bound is given, to decide whether V(Fi,...,Fr) = 0 or not is reduced to an algebraic
problem and then results about effective Hilbert Nullstellensatz could be applied here.

A0,n)=n+1
PA(+,-) Ackermann function ¢ A(m + 1,0) = A(m, 1)
A(m+1,n+1) = A(m, A(m + 1,n))
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Dprhmptloptl if D > 9 . . G
®s5< 41 D1 Here p = dim((F")) in K[y;”’ : j < hl.
p 1 =L

(Ovchinnikov, Arxiv:1610.04022v6, 2018)

Example: F = {y%,yl — y%, e Une1 — Y2, 1=yl Y V(F) = 0.
1¢ (F,...,F@"=D)yand 1€ (F,...,F®"). So s > 2".

3.3 Irreducible decomposition of differential varieties

A differential variety V' C E™ is said to be irreducible if V' is not the union of two proper differential
subvarieties.

Lemma 3.3.1. A differential variety V is irreducible < L(V) C K{yi1,...,yn} is prime.

Proof. “=" For any f,g € K{Y}, fg € I(V), we have
V =V(I(V), fg) = VI(V), [) UV(I(V), ).
V is irreducible = V(I(V), f) =V or V(I(V), g) = V. Equivalently, f € I(V), or g € (V). So I(V)

is prime.

“< IV = V3 UVa, then I(V) = I(Vh) N I(Va). Since I(V) is prime, I(Vy) C I(V) or I(Va) C
I(V), for otherwise, 3 f; € I(V)\I(V),i = 1,2, but fife € I(V1) N I(Va) = I(V), which yields a
contradiction. If I(Vy) C I(V), then V = Vi; and in the other case, V = V4. O

Theorem 3.3.2. Any differential variety V is a finite union of irreducible differential varieties,
l l

i.e., V.= |JV; with V; irreducible differential subvariety of V. Call V. = |J Vi an irreducible
i=1 i=1

l
decomposition of V.. If V.= |J V; is an irredundant/minimal irreducible decomposition (in the sense

=1
Vi & U V;,Vi), then the set {Vi,...,Vi} is unique for V.
J#i
Proof. By Theorem 2.2.4 and Corollary 2.2.5,

l
I(V) = (N P; for P; prime differential ideals.
j=1

l l
=V =V(I(V)) =V( P;) = U V() is an irreducible decomposition of V.

j=1 j=1
l m
Uniqueness: If V.= |J V; and V = |J W; are two irredundant irreducible decomposition of V/,
i=1 j=1

then we have two irredundant prime decomposition for I(V), i.e.,

(V) = ‘ﬁlﬂ(vi) and I(V) = ﬁln(wj).
= ji=

By Theorem 2.2.4, 1 =m and 3o € S s.t. I(V;) = 1(W,(;)). Hence, V; = W, fori=1,...,0. O

Remark: Each irreducible differential variety V; in the irredundant irreducible decomposition V =
!

J Vi is called an irreducible component of V. These Vi,...,V; are called the maximal irreducible

=1
differential subvarieties contained in V.
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Components of a single Algebraic differential equation
Let A € K{yi,...,yn}\K be algebraically irreducible (not the product of two differential poly-

nomials in K{Y}\K). We are going to study the prime decomposition of the radical differential
ideal {A}.

Example: Let A = ¢?> —y € K{y}. Then A’ = 2y"y® —y/ A" = 2"y 1+ 2(y®)2 — o,
A(3) = 2y,/y(5) —+ 6y(3)y(4) —_ y(g)

= 2y(3)A(3) + A” — 6y(4)A// — y//(4y(3)y(5) — 12(y(4))2 _|_ 8y(4) — 1)
So {A} = {A,y"} N {A,4yBy®) —12(y)? 4 8y® — 1}

Select an arbitrary differential ranking #Z on O(Y) and take the separant S4 under #. Let
1d(A4) = y;,()h) for some p € {1,...,n} and h € N. The order of A in y; is defined to be ord(4,y;) =
max{k | deg(A, yl(k)) > 1}. The order of A is defined to be ordA = max{ord(A4,y;)}. Let P, = {A}:

Sa={f e K{Y}|Saf € {A}}.
Lemma 3.3.3. 1) P is prime.

2) For a differential polynomial F € K{Y }, F € P, < §-rem(F,A) = 0. In particular, if F € P,
and ord(F,yp) < ord(A,yp) = h, then F is divisible by A.

Proof. 1) Let fg € P, with f,g € K{Y'}. Let f; and g; be the partial remainder of f and g w.r.t.
A. Then Ja,b € N s.t.

@ f=fimod[4], S%g=g5 mod [A].

= S‘}‘Hﬂrlfg = Safig1 mod [A].
Since fg € Pr = {A}:Sa, Safig1 € {A}. Thus, 31,¢q € N s.t.

(Safigi)t = MA+ My A"+ MaA” + -+ MA@, (%)
If g=0, .. When ¢ > 0.

Recall that for k > 1, A% = SAy]()thk) + Ty, with T} free of y;,(,h+k). Note that S4, f1, g1 are free from
yéhﬂ), . ,yl(,h+q). Now replace yz(,h+k) by —g—z for k=1,...,q at both sides of (x), then we have

(SAflgl)l = M - A where M =M ‘yz()h+k):*§7A'

A

Clearing fractions, we have S%(f1g1)! = N - A. Since A is irreducible and A {S4, A | fig1 and thus
A| fior A| gi. Suppose that A | fi. Then S%f € {A} and it follows that f € {A}:S4 = P and
P is prime.

2) If 6-rem(F, A) = 0, then F € sat(A) = [A] : ST ( had better mention A is a characteristic set
of [A] : S¥” and [A] : S¥ is prime) C {A}:S4 = P.

Conversely, let F' € Pp, then SqF € {A}. Let R be the partial remainder of F' w.r.t. A, then
STF = Rmod [A]. SyF € {A} = S4Rc {A} = FI € Ns.t. (SAR)' = MA+ M A 4 -+ M; AD),
By the procedure in 1), we can show R is divisible by A. So d-rem(F, A) = 0.

O

Proposition 3.3.4. {A} = PN {A,Sa}.

Proof. Clearly, {A} C PLN{A,Sa}. Suppose f € P, N{A,Sa}, it suffices to show f € {A}. Since
fe{ASa},FEN, fl =T, + Ty for Ty € [A], T € [Sa]. f € PL = Saf € {A} = §*(Sa)f € {A}.
So fi*1 € {A} and f € {A} follows. O



3.3. IRREDUCIBLE DECOMPOSITION OF DIFFERENTIAL VARIETIES 29

Let {A,S4} = Q1N ---NQ: be the minimal prime decomposition of {A,S4}. Then {A} =
PN@iNQiN---NQE;:. Suppressing those @; with P, C Q; and denote the left Q;’s by Ps, ..., P,.
Then {A} = Py N---N P, is the minimal prime decomposition of {A}.

Claim For each separant S of A under any arbitrary ranking, S ¢ P, = {A} : Sy and S €
P, ..., P,.

Proof. S ¢ P; follows from Lemma 3.3.3 and the fact A { S. Since {A,Sa} C P,..., P, Sy €
P,...,P.. S€P,,..., P, follows from the fact that {P,..., P} are the unique irreducible compo-
nents of {A}. O

Remark: A is the differential characteristic set of P, = {A} : S4 = {A} : S = sat(A) (S is the
separant of A under any other ranking). P; or V(P;) is called the general component of A = 0.
Py, ..., P, are called singular components of A = 0.

Example: n=1,4 = (y)> — 4y, Sa =2y {A,Sa} = {(y)* —4y,2y'} = [y]. 4" =2y (y" - 2), s0
y'—2€{A}:Sa,y"—2¢ [y]. {A}:Sa 2 ((¥)* 4y, y" —2] = (v')* —4y,y"—2,y",--). Then I =
((¥)* =4y, y" —2,y", ) is prime for K{y}/I = K[y,y']/(A). Thus, {A} : Sx = [(y/)* — 4y,y" — 2]
is the general component of A and [y] is the singular component of A. To solve (y')? — 4y over
K = (R(z), &) g—g = £2,/y = % =xdz = fy=2zr+c Soy=(zr+c)ory=0. (can
arbitrary constant).

Definition: A differential zero n € E™ of A is called a nonsingular zero if 3 a separant S of A s.t.
S(n) # 0. And if S(n) = 0 for all separants of A, 7 is called a singular solution/zero of A = 0.

Nonsingular zeros belong to the general component of A, but the general component of A may
contain singular solutions of A.

Example: A = (y/)? —y® € K{y}. Sa = 2y. Since V(4,S4) = {0}, n = 0 is the only singular
solution of A = 0. A" = 2/y" — 3y*y = 2y/(y" — 3y°) = {A} = {Ay" - 3’} N[y = {A,y" —
3y*} = sat(A). Thus, n = 0 is embedded in the general component of A(= 0). (Geometrically,

K = (C(¢), %), Ne = 77 is a one-parameter family of nonsingular solutions (¢ arbitrary constant).

4(t+c)?
limc—)oonc = O)

Ritt’s problem Given A € K{yi,...,y,} irreducible with A(0, ...,0) = 0, decide whether (0, ...,0)
(Still open!) € V(sat(A))?

With deep results not covered in our course (Low power theorem), we have Ritt’s component theorem.

Theorem 3.3.5. Let A € K{y1,...,yn} be a differential polynomial not in K. Let {A} = P N
-+ N P, be the minimal prime decomposition of {A}, then IB; € K{yi,...,yn} trreducible s.t.
P, = sat(B;),i = 1,...,r. In particular, if A is irreducible, then Jig s.t. B;, = aA (a € K*)
and for i # ig, A involves a proper derivative of the leader of each B; w.r.t. any ranking and
ord(B;) < ord(A).



30

CHAPTER 3. THE DIFFERENTIAL ALGEBRA-GEOMETRY DICTIONARY



Chapter 4

Extensions of differential fields

Let (K,0) be a differential field of characteristic 0. Let « be an indeterminate over K. Then ¢ can
! , ! ,
be extended to a derivation dy on K[z] s.t. do(x) = 0 given by do(>_ miz') = > d(r;)x*. There is
=0 1=0

! . l )
also a derivation on K{[z] s.t. %( ) =0 and %(x) = 1 given by %(Z rixt) = > izt
i=0 i=1

Any derivation §; on K[z] which extends ¢ is given by
51 = o + 61(z) L

Conversely, by defining &1 (z) = p(z) € K[z], 61 = 6o + p(z) L is a derivation on K[z] extending .

r .
Proof. First suppose ¢; is a derivation on K|[z] extending §. Then V f = > riz' € K[z], 0:(f) =

=0
25(n)xi+ izlina:i_lél(az):50(f)—|—51(x)£0(f). So 81 = 6 + 01(z) L. Now let 6; : K[z] — K|[z]
be defined by 61(f) = do(f) + 01(x) £ (f)- Then Va € K, 61(a) = do(a) + 61 (z) {5 (a) = 6(a);

Y1, € Klal, 61(f + ) = (S + ) + 01() (7 +9) = 51(7) + 01 (g),
51(£9) = B0(f9) + 61(2) 3 (F9) = 81(1)g + F61(9).

Thus, 67 is a derivation which extends 4. O

Theorem 4.0.1. Let K C L be fields of characteristic 0. Then any derivation on K could be
extended to a derivation on L. This extension is unique if and only if L is algebraic over K.

Proof. Let ¢ be a derivation on K. First suppose L = K(«). If « is transcendental over K, then
there exists a derivation dp on K[a] s.t. dg |x= dx and dp(a) = 0. So now extends to a derivation
on L = K(a). If « is algebraic over K, let F(x) be the minimal polynomial of o over K. Let
g(xz) € Klz] be a polynomial to be determined. § extends to a derivation dy on K[z] by setting
do(z) = 0. So §1 = do + g(x )— is a derivation on K[x]. We want to choose g(z) s.t. d; maps the

dx

ideal F'- K[z] to itself. The condition for this is that & (F)(a) = 0, or §o(F)(a) + g(a)%E (@) = 0.
Since % (a) # 0, g(a) = 7%()(?). K(a) = Klo] implies that we can find g(z) € K[z] with
desired property. Choose g(x) ZK[Z’] S. t 61 maps F' - K[z] to itself. Now §; induces a map 51 on
K[z]/F - K[z] by 61(A(z) + F - K[z]) = 61(A(z)) + F - K[x] and this 4, is the desired derivation on
K(a) = Kla]. (61(a) = g(a) = =6o(F)(a)/F'(@).)

31
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For the general case, let E' = {(K1,d1) | K C K1 C L and 61 [k= 0k }. Then E is nonempty.
Let (K1,01) C (K2,02) C --- C (K,,0,) € -+ be an ascending chain in E. Then (|J K;, ) with
B i

Va € K;, 6(a) = d;i(a) is in E. By Zorn’s lemma, 3 a maximal element (M,dys) in E. Clearly,
M=L.

Uniqueness If L is not algebraic over K, then da € L transcendental over K. There will be
more than one derivation on K[a| which extends ¢ on K. If L is algebraic over K, for each a € L,

d .
let F(z) = Y rz' € K[z] be the minimal polynomial of o over K. Let D be the derivation on L

1=0
d , d , d .
which extends 6 on K. F(a) =0 = 0= D(F(a)) = D(Y_ ria’) = 3 6(r)a’ + (3 iria*1)D(a)
i=0 i=0 i=1
d d ‘
= D(a) = —(>_ 6(r;)a?) /(D2 irya~t) which is unique. O
i=0 i=1

Corollary 4.0.2. If K C L are fields of characteristic 0 and 6 be a derivation on L s.t. 6(K) C K.
If a € L is algebraic over K, then 6(a) € K(«). In particular, if o € L is algebraic over a constant
subfield of L, then a is a constant.

With the language of differential polynomials, Definition 2.0.1 can be restated as:

Definition 4.0.3. Let K C L be differential field extensions and o € L. If Ip(y) € K{y}\{0} s.t.

p(a) = 0, then o is said to be differential algebraic over K. Otherwise, « is called differentially transcendental
over K. Let ay,...,an € K, we call aq,...,qn differentially algebraically dependent over K if
AF(y1,- -, yn) € K{y1,...,yn}* s.t. F(aq,...,ap) = 0. Otherwise, they are said to be differen-

tially transcendental over K.

Lemma 4.0.4. Let K C L be differential fields of characteristic 0 and o € L. Then « is differential
algebraic over K < tr.degK(a)/K < oc.

Proof. “=" Suppose « is differential algebraic over K. Let A(y) € K{y} be a characteristic set
of I(a) € K{y}.' Assume ord(A) = n. Claim: tr.degK(a)/K = n. Clearly, o, o/, ...,a(» 1) are

algebraically independent over K and o™ is algebraic over K(a, o/, ...,a(® ). And A(a) =0 =
Sala) - £ Ty(a) =0, where Ty(a) € K(a,...,a™) = ot = —g“i((z)) e K(a,o,...,aM).
A
= VkeN, o™ c K(a,a,...,a™). So K(a) = K(a,d,...,a™) and tr.degK (o) /K = n.
“e” n = tr.degK (a)/K < oo impies that a, a’,a”,...,al™ are algebraically dependent over K.
So «a is differential algebraic over K. O
Remark:

1) If « is differential algebraic over K and f(y) # 0 is a differential polynomial of minimal order
which vanishes at «, then tr.degK (a)/K = ord(f).

2) The result “=" is false in the partial differential case (K, {d1,...,dn}), where tr.degK (a)/K
might be infinity but the differential type? of K{a) is <m — 1.
Example: K = (R(z), &), L = (K(e%sin(z)), £). Since L(e?) = e” and (&)%(sin(z)) =
—sin(x), e” and sin(x) are differentially algebraic over K with tr.degK () /K = 1, tr.degK (sin(x))/K =
1.

! A(y) is of minimal order and minimal degree under the desired order.
Differential type is the degree of differential dimension polynomial of I(c)
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We say L C K is differential algebraic over K, if each element a € L is differential algebraic
over K. Note that every differential field extension with finite transcendence degree is differential
algebraic over K. But the converse doesn’t hold.

Lemma 4.0.5. Let L O K be a differential field extension and a,b € L which are differential
algebraic over K. Then a+b, ab,5(a) and a=! (a # 0) are differential algebraic over K. In particular,
a differential field extension generated by differential algebraic elements is differential algebraic over
K and the set of all elements in L which are differential algebraic over K is a differential algebraic
differential field extension of K.

Proof. Since tr.degK (a)/K < oo and tr.degK (b) /K < oo, we have tr.degK (a,b) /K = tr.degK (a)/ K+
tr.degK (a)(b) /K {a) < co. O

Lemma 4.0.6. Let K C L C M be differential fields. Then M is differential algebraic over K <
M is differential algebraic over L and L is differential algebraic over K.

Proof. “=" Valid by definition.

“<” For any a € M, a is differential algebraic over L, so Ip(y) € L{y}\{0} s.t. p(a) =
0. Denote the coefficient set of p(y) to be {b1,...,b0:} € L. Then tr.degK (b1,...,bt,a)/K =
tr.degK (b1, ...,b) /K + tr.degK (b, ..., bs,a)/K(b1,...,b) < co. Thus, tr.degK (a)/K < oo and a
is differential algebraic over K. O

4.1 Differential primitive theorem

It is a well-known theorem of algebra that a finite algebraic extension of a field K of characteristic
0 has a primitive element w:

K(ai,...,an) = K(w).

In this section, we treat analogous problem for arbitrary differential field of characteristic 0.

Note that Q(m,e) is a finitely generated differential extension field of Q (d(7) = d(e) = 0).
Clearly, Q(m, e) # Q(w) for any w € Q(m,e). So to derive an analog of primitive element theorem in
differential algebra, we need some restrictions. For the ordinary differential fields, the mild condition
is that (K,d) contains a non-constant element (i.e., 3n € K s.t. ' #0).

We need two lemmas for preparation to state the main theorem. Throughout this section, (K, §)
is a fixed differential field of characteristic 0 containing a non-constant.

A set of elements 7y, ...,ns of K is called linearly dependent if there exists a relation

cm + -+ esms =0,

where the ¢;’s are constant elements in K, not all zero.

The wronskian determinant of 7y, ..., 7, is defined as
7’]1 “ e ”78
/ /
77 .. n
Wr(771>-~-7778): 1 ..S.
nisfl) o ngsfl)
Lemma 4.1.1. Letny,...,ns be elements in K. Thenny, ..., ns are linearly independent < wr(ny, ..., ns) =
0, i.e.,
771 e "75

, . .. /
n Bl

n§sfl) o ngsfl)
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Proof. “=" Suppose 11, ..., ns are linearly dependent. Then ¢y, ..., cs, constants of K, not all zero
s.t. e1m1 + - - - + csms = 0. Differentiate the relation s — 1 times, we get a system of linear equations
for ¢’s:

am+--+esns =0

an+ -+, =0

e 4 e =

has a nonzero solution. So (*) holds.
“<” Suppose we have (x). We now show 7, ...,n, are linearly dependent by induction on s. If

s =1, m =0 = n; is linearly dependent. Suppose it is valid for the case < s — 1 and we treat for
the case s. By (%), J¢1,...,¢s € K, not all zero s.t.

clngj)—i—-~—|—cs17§j) =0 (%x) forj=0,...,s—1.

m o Ms—1

”7/ DR 77/ 1
Ifwr(n,...,0s—1) =1 1 °7% | =0, by the induction hypothesis, 71, ...,ns—1 are linearly

s—2 s—2
T e gl

dependent, so 71, ...,ns are linearly dependent too.

So it suffices to consider the case wr(ny,...,ns—1) # 0. Then in this case ¢; # 0. By dividing ¢,
on both sides when necessary, we can take ¢ = 1. For j = 0,...,s — 2, differentiate (x*) and then
subtract the equation (xx) corresponding to j + 1, then we have

c’lnﬁj) +'--+Cg,177(j)1 =0forj=0,...,5s—2.

S—

Since wr(ni,...,ns—1) # 0, we have ¢;’= 0 for ¢ = 1,...,s — 1. Thus, n,...,ns are linearly
dependent. O

Lemma 4.1.2. If G is a nonzero differential polynomial in K{yi,...,yn}, there exist elements
My .oy in K such that G(ny, ..., n,) # 0.

Proof. It suffices to treat a differential polynomial in a single indeterminate y (the case n = 1). Take
a nonconstant £ € K. Fix any r € N.
Claim: If G € K{y} is a nonzero differential polynomial of order < r, there exists

n=c+al+- -+l

where all the ¢;’s are constants in K, satisfying G(n) # 0.

Suppose the claim is false and let H be a nonzero differential polynomial of lowest rank which vanishes
for every element co+c1§+- -+ ¢.£" (¢; are constants from K). Let ord(H,y) = s. Then 0 < s < r.
Introduce algebraic indeterminates zp, ..., 2, with z;’= 0. Then H = H(zo+ 216+ -+ 2.£") €

K|z0,. .., 2] is the zero polynomial. Take the partial derivative of H w.r.t. zg,...,zs, then

O0H

oy =0

o, om0 ¢ 0 "0H  0H

T — 8 — OH _ 0H N i
dy > oy y ( 0 = gy ottt )
OH , OH, ., OH |, o(s)

N W(f ) %(5 ) 0
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So
oH
1 0o - 0 %
oL (s) 7
S I B
&y (@9 \am
8y(5)
Since % is of lower rank than H, % # (0. Thus,
3 (522)’ e (&)
7 /2 s\
COET e e =0

g(s) (g'?).(s) (gs)(s)

So Jecy,...,cs constants of K, not all zero s.t. c1& + c2(€2) + -+ + c5(€%) = 0. Then ¢1& + 262 +
<o 4 €% = ¢o with ¢g a constant. Thus £ is algebraic over the constant field of K. By Corollary
4.0.2, ¢ =0, a contradiction to the hypothesis £ # 0. So we can find some n = cg + 1€ + -+ - + &,
with ¢; constants s.t. G(n) # 0. O

Remark:

1) Lemma 4.1.2 is false without the restriction that (K, d) contains at least a nonconstant element.
A non-example: K =Q, G(y) =y'.

2) For the partial differential case (K,{d1,...,0mm}), the condition that “3¢ € K s.t. & = 07
should be replaced by

01(6&1) - 01(&m)

62(61) - 02(&m)

“3¢,... En € K sit. £0.7

5m(§1) T 5m(§m)
The lemma is called “ non-vanishing of differential polynomials .
3) This is the differential analog of the following result in Algebra:
“ Let K be an infinite field. Then for any nonzero polynomial f € Kly1,...,ys], 3 (a1,...,an) €
K™ s.t. f(ai,...,ap) #0.7

Theorem 4.1.3 (Differential Primitive Element Theorem). Let (K,d) be a non-constant differential
field of characteristic 0 (i.e., 3b € K, 6(b) #0). Assume K{a1, ..., ) is differential algebraic over
K. Then 3¢ € K{ay,...,ap) s.t. K{ag,...,a,) = K{£).3

Proof. Tt suffices to show that if v, 5 are differential algebraic over K, then de € K s.t.

K{v,8) = K(y +ep).

Introduce a new differential indeterminate ¢ over K(v,3) and consider v + t3 € K(t){~,3). By
Lemma 4.0.5, v + t3 is differential algebraic over K (t). Consider the prime differential ideal I(y +
tp) C K(t){y} and suppose A(y) € K (t){y} is a characteristic set of I(y +¢3). Then A(y+t3) =0

3In other words, every finitely generated differential algebraic extension field of (K,§) is generated by a single
element.
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but Sa(y + t5) # 0. Assume ord(A) = s. Clearing denominators when necessary, we can take
A € K{t,y} and write A(t,y) for convenience.

Now we have A(t,y +t8) = 0 but 63{‘5 (t,y +t8) # 0. Note that

for k < s.

ANy +tp)™) 0, k<s
ot(s) 1B, k=s

Take the partial derivative of A(t,y +t8) = 0 w.r.t. ), we have
at(g)(t 'Y‘i‘tﬁ) +B- By (9)(t 'Y“‘tﬁ) =0.

Since %(f v+ t5) # 0 belongs to K (v, 8){t}, by Lemma 4.1.2, Je € K s.t. 822) (e,y+eB) #0.

8t(3>( v +ed)

Thus, 8 = 77&!( erted)

€ K(y+ep) and K (v, 5) = K{v + ¢) follows. O

Corollary 4.1.4. Let (K,0) be a nonconstant differential field. Let K{(n,...,n,) be a differential
algebraic extension field of K. Then Jeq,...,en, € K s.t. K{ny,...,nn) = K{ein + -+ ennn).

Remark: G. Pogudin proved the differential primitive theorem for the case

{@K' = {0};

@K (n1,...,n,) has a nonconstant

(“The primitive element theorem for differential fields with zero derivation on the ground field. J.
Pure Appl. Algebra, 4035-4041, 2015.”)

4.2 Differential transcendence bases

Let R be a differential ring. Elements «ag,...,a, in a differential over-ring S of R are called
differentially algebraically dependent over R if there exists a nonzero G € R{y1,...,yn} s.t. G(aq,...,ap) =
0. Otherwise, aq,...,q, are called differentially (d-) algebraically independent over R. A subset of

S is called d-algebraically independent over R if all its subsets are J§-algebraically independent over

R.

Definition 4.2.1. Let K C L be an extension of differential fields and A C L. An element b € L
is called §-algebraically dependent on A (over K ) if b is d-algebraic over K(A). A subset B of L is

called 0-algebraically dependent on A (over K ) if every element of B is §-algebraically dependent on
Al

Lemma 4.2.2. Let K C L be an extension of d-fields, A C L and b € L. Then b is §-algebraically
dependent on A if and only if 3f € K{y1,...,Yn,2} and ay,...,a, € A such that f(ai,...,an,2) #0
and f(ai,...,an,b) =0.

Proof. Assume b is J-algebraically dependent on A. Then by definition, b is d-algebraically over
K(A), so 3 a nonzero g € K(A){z} s.t. g(b) = 0. Let {a1,...,a,} C A be the subset appearing
effectively in the coefficients of g. After multiplying g by appropriate element from K{ai,...,a,},
we can assume g € K{aj,...,a,,2z}. Thus, this g satisfies the desired property. The converse is
obvious. O

4Note: Since K is our base differential field, for simplicity, we usually omit “over K.
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Lemma 4.2.3. Let K C L be an extension of §-fields and A be a subset of L which is §-algebraically
independent over K. Let b € L. If A,b are §-algebraically dependent over K, then b is d-algebraic
over K(A).

Proof. Since A, b are d-algebraically dependent over K, then 30 # f € K{y1,...,yn, 2} s.t. f(ai,...,an,b) =
0 for some ay,...,a, € A. Since ay, . .., a, are d-algebraically independent over K, f(a1,...,an,z) #
0. Thus, b is d-algebraic over K (A). O

Lemma 4.2.4 (Transitivity of §-algebraic dependence). Let (K,d) C (L,6) and A,B,C C L. If A
is 0-algebraically dependent on B and B is d-algebraically dependent on C, then A is d-algebraically
dependent on C.

Proof. By the assumption, K (B)(A) is d-algebraic over K (B) and K(C)(B) is J-algebraic over K (C').
By Lemma 4.0.6, K(C, B, A) is d-algebraic over K(C). Thus, each element of A is J-algebraic over

K(C). O
Lemma 4.2.5 (The exchange property). Let ay,...,a,,b be elements from a §-extension field of
K. If b is 0-algebraically dependent on aq,...,a, but not on ay,...,a,—1, then a, is §-algebraically
dependent on ay,...,an_1,b.

Proof. Since b is d-algebraically dependent on ay, . . ., a,, by Lemma 4.2.2, there exists g € K{y1,...,yn, 2}\{0}
s.t. glai,...,an,2) # 0 and g(ay,...,an,b) = 0. Regard g as a univariate J-polynomial in y, with
coefficients from K{y1,...,yn—1,2}, and let g1,...,9n € K{y1,...,yn—1,2} be all the nonzero coef-

ficients. Then 33 s.t. gi(a1,...,an—1,2) # 0, for otherwise, g(ai,...,an—1,an,2) = 0. Since b is not
d-algebraically dependent on aq,...,an—1, gi(ai,...,an—1,b) #0. So g(ai,...,an—1,Yn,b) # 0 and
consequently, a,, is §-algebraically dependent on aq,...,an—_1,b. O

Proposition 4.2.6. Let K C L be an extension of §-fields and A = {a1,...,an}, B={b1,..., by} be
two subsets of L. Assume that 1) A is §-algebraically independent over K and 2) A is §-algebraically
dependent on B. Then n < m.

Proof. Let r = |AN B|. If r = n, then we are done. Now assume r < n and write B =
A1y-eyQpybpiq, ..., by, Since a,y1 is d-algebraically dependent on aq,...,ar,by41,...,b, but not
on ai,...,ar, there will be a b; (r+1 < j < m) st. a,41 is J-algebraically dependent on
ai,...,ap,br41,...,b; but not Js-algebraically dependent on ai,...,a,,by41,...,bj—1. Bt the ex-
change property (Lemma 4.2.5), b; is d-algebraically dependent on ai,...,ar,bry1,...,0j-1,ar41,
and thus d-algebraically dependent on By := (B\{b;}) U {a,11}. Therefore, B is é-algebraically
dependent on By. Since A is d-algebraically dependent on B, by Lemma 4.2.4, A is -algebraically
dependent on Bj. Note that |Bi| = m and |AN By| = r + 1. Continuing in this way, we will
eventually arrive at r =n, i.e., AC B, .. Son <m. O

Definition 4.2.7. Let (K,6) C (L,0). A subset A of L is called a é-transcendence basis of L over
K if 1) A is d-algebraically independent over K and 2) L is §-algebraic over K (A).

By the size of a set, we mean its cardinality if the set is finite, and oo otherwise.

Theorem 4.2.8. Let (K,0) C (L,5). Then every d-generating set of L 2 K contains a 0-
transcendence basis of L over K. In particular, there exists a d-transcendence basis of L over K.
Moreover, any two d-transcendence bases of L over K are of the same size.

Proof. Let M be a 0-generating set of L over K, i.e., L = K(M). Let
N ={S C M | S is é-algebraically independent over K}.
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Then () € N # (). Clearly, the union of every chain of elements in N is again in N. So by Zorn’s
lemma, there exists a maximal element A in .

Claim: A is a é-transcendence basis of L over K.

We now show the claim. For any a € M, a, A are d-algebraically dependent over K. By Lemma
4.2.3, a is d-algebraic over K(A), so M is d-algebraic over K(A). And by Lemma 4.0.5, L = K (M)
is d-algebraic over K(A). Thus, A C M is a J-transcendence basis of L over K.

Now suppose A and B are both d-transcendence bases of L over K. By symmetry, it suffices
to show that the size of A > the size of B. If A is an infinite set, it is automatically valid. So
we may assume A is finite. B is already a finite set. Let By be a finite subset of B. Since A
is a d-transcendence basis of L over K, each element of Bj is J-algebraic over K(A), and Bj is
d-algebraically dependent on A. By Proposition 4.2.6, |B;| < |A|. Thus, |B| < |A]. O

Corollary 4.2.9. Let (K,d) C (L,0) and L = K(M). If A is a mazimal §-algebraically independent
subset of M, then A is a d-transcendence basis of L over K.

Theorem 4.2.8 guarantees we can make the following definition:

Definition 4.2.10. Let (K,6) C (L,6). The size of a d-transcendence basis of L over K is called
the é-transcendence degree of L over K. It is denoted by d-tr.deg(L/K).

Corollary 4.2.11. Let (K,d) C (L,6) and L = K{ay,...,ay,). Then é-tr.deg(L/K) < n, and the
d-transcendence degree of a finitely 0-generated 6-field extension is finite.

Proof. 1t is clear from Corollary 4.2.9. O

Corollary 4.2.12. Let (K,6) C (L,0). If L contains n §-independent elements, thenn < §-tr.deg(L/K).
In fact, §-tr.deg(L/K) = sup{n € N | Jay,...,a, € L which are §-algebraically independent over K}.

Proof. Let aq,...,a, € L be J-algebraically independent over K. We can enlarge {aq,...,a,} to
a O-generating set B of L over K. Then {aj,...,a,} is contained in a maximal J-algebraically
independent subset A’ C B. By Corollary 4.2.9, A’ is a §-transcendence basis of L over K. Thus,
n < d-tr.deg(L/K) and also

sup{n € N | Jay,...,a, € L which are d-algebraically independent over K} < é-tr.deg(L/K).

The reverse estimate is clear, for a d-transcendence basis is d-algebraically independent over K. [
Theorem 4.2.13. Let K C L C M be §-fields. Then

0-tr.deg(M/K) = 0-tr.deg(M /L) + §-tr.deg(L/K).
(Here, 0o + a(00) = 00).

Proof. Let A be a transcendence basis of L over K and B a d-transcendence basis of M over L.
Claim: AU B is a d-transcendence basis of M over K.

First, since B is d-algebraically independent over K(A) (C L), AU B is §-algebraically independent

over K. It remains to show M is d-algebraic over K (A, B). Since each element of M is d-algebraic

over L(B) and each element of L is d-algebraic over K(A), M is J-algebraic over K (A, B). Thus,

A U B is a d-transcendence basis of M over K and AN B = () implies that §-tr.deg(M/K) =

O-tr.deg(M /L) + d-tr.deg(L/K). O

Adjoining the differential primitive element theorem, we have
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Proposition 4.2.14. Let L = K{ay,...,a,) and suppose K contains a nonconstant element in the
case d = 0-tr.deg(L/K) = 0. Then L is §-generated by no more than d + 1 elements.

Proof. In the case d = 0, this is the differential primitive element theorem. Assume d > 0. Then
I{&, .. &) C{al, ... an} st &,..., &4 18 a d-transcendence basis of L over K, and denote the
others by €411,...,&. Then L = K(&1,...,&a)(€av1, -5 &n) = K(&1, -, 8a) (@ar1€ar1 +- - Fankn).
(d>0= K(&,....&) # {0}). O

4.3 Applications to differential varieties

Let (K,d) be a é-field of characteristic 0 and V' C A™ an irreducible §-variety over K.> The
coordinate d-ring of V is K{V} = K{y1,...,y,}/I(V). Here K{V} is a §-domain and we consider
the d-quotient field K (V) = Frac(K{V'}). Naturally, K (V) is a d-field extension of K and called the
d-function field of V. Clearly, (g1,...,9n) € K(V)™ is a generic point of V. Given any other generic
point (ai,...,ay) of V, we have K(V) = K(y1,...,9n) = K(a1,...,a,) with g; <> a;. In particular,
O-tr.degK(yi,...,Yn)/K = 6-tr.degK(ai,...,an)/K.

In order to measure the “size” of a differential variety (i.e., the solution set of algebraic differential
equations), we introduce the notion of differential dimension:

Definition 4.3.1. Let V C A" be an irreducible §-variety over K. The d-dimension of V is defined
as the §-transcendence degree of the d-function field of V' over K. That is,

§-dim(V) = §-tr.degK(V)/K.
For an arbitrary V' with irreducible components Vi, ..., Vi,
0-dim(V') = max; 0-dim(V;).

Another equivalent definition of differential dimension in the language of differential ideals is
given by Ritt:

Definition 4.3.2. Let P C K{yi,...,yn} be a prime d-ideal. A §-variable set U C {y1,...,yn}
is called a 6-independent set modulo P if PN K{U} = {0}. A parametric set of P is a mazimal
d-independent set modulo P. The d-dimension of P (or V(P)) is defined to be the cardinal number
of its parametric set.

Exercise: Please show different parametric sets of a prime d-ideal have the same cardinal number.
And show Definition 4.3.1 and Definition 4.3.2 are equivalent for prime d-ideals or irreducible 4-
varieties.

Lemma 4.3.3. Let V be a 6-variety and W CV a §-subvariety. Then §-dim(W) < ¢-dim(V').

Proof. First assume W and V are both irreducible. W C V implies that I(W) 2 I(V). Suppose
d-dim(W) = d and {y1,...,yq} is a parametric set of I(W). Clearly, I(V) N {y1,...,y4} = {0} and
{y1,...,ya4} is a d-independent set modulo I(V') which could be extended to a parametric set of I(V).
Thus, 6-dim(V) = §-dim(I(V)) > d.

Now let V' and W be arbitrary. Let W; be an irreducible component of W with §-dim(W') =
d-dim(W7). Then W is contained in an irreducible component V; of V. By the above,

O-dim(W) = 0-dim(W) < 6-dim(V;) < o-dim(V).

SHere A" = K™ with (K,6) a 6-closed field containing (K, §).
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O

Exercise: Let W C V be two irreducible §-varieties with 0-dim(W) = é-dim(V). Is W = V?
It is true in the algebraic case but not valid in differential algebra:

Non-example: Let W = V(y') C Al and V = V(y’) C Al. Then W C V and d-dim(W) =
d-dim(V). But W # V.

This example shows that the differential dimension is not a fine enough measure of size, thus we
need a more discriminating measure: the differential dimension polynomial of an irreducible d-variety

Vor I(V).

The idea of Hilbert polynomial for homogeneous ideals suggests that it might be a way to

consider the truncated coordinate ring by order: Let P C K{y1,...,yn} be a prime d-ideal. Denote
K[y[lt],...,yg} = K[yzm cj<tyi=1,...,n] and let P, = PﬂK[ygﬂ,...,yr[f]]. Then P, is a prime
algebraic ideal with dimension dim(F;). Kolchin showed that for ¢ > 0, dim(F;) is a numerical

polynomial. We state it with the language of (d-)field extensions.

Theorem 4.3.4 (Kolchin). Let P C K{yi,...,yn} be a prime d-ideal with a generic point n =
(M, -.,0n). Then there exists a numerical polynomial wp(t) € R[t] with the following properties:

1) For sufficiently large t € N, dim(P;) = wp(t);
2) wp(t) =d(t+ 1)+ s with d = 0-dim(V(P)) and some s € N;

3) (Computation of wp(t)) Let A = Ay, ..., A; be a characteristic set of P w.r.t. some orderly

ranking of O(Y) = {6*y; : k € N,j = 1,...,n} and suppose 1d(4;) = y((:’(zl)) Then wp(t) =
l

(n=0Dt+1)+ > s

i=1
4) wp(t) =n(t+1) < P=10] (i.e, V(P)=A"); wp(t) =0 < V(P) is a finite set.

Proof. Denote nm = (Mo ey s My e ey Mgy e vy 77@7 . ,n,(lt)). Clearly, n[t] is a generic point of P, C

K[ygt], e ,y%]}. So dim(P,) = tr.degK (n)/K. For each A € A, A(n) = 0 and 14(n) # 0 imply

that ua(n) is algebraic over K(n](-k) : y](-k) < ug,j = 1,...,n). Repeated differentiation shows

that if v is any derivative of uy, then v(n) is algebraic over K(n](-k) : y(k) < wv,j =1,...,n).

Let M denote the set of all derivatives y](k) that are not derivatives of any ug (A € A) and let
M(t)=Mn {y](k) ck<t,j=1,...,n}. So, for t > max{si,..., s}, we have that

K (n) is algebraic over K ((v(n))verr(r))-* (%)
Thus, dim(P;) = tr.degK (n!)/K = Card(M(t)). Since

M(t) = {yg(i),yg(i),...,ygs(ii)—l) ci=1,...,1}U {yj,y;,..,,y](t) cj#o(l),...,ao()},

derivatives of leading variables parametric variable parts

S Arrange {yj(.k) ck<t,j=1,...,n}\M(t) in increasing order: ua, < ---. From the above, ua, is algebraic over
K ((v(n))ven)) and (x) can be shown by induction.
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Card(M(t)) = (n =0+ 1)+ ésl So dim(FP;) = (n—0)(t+ 1)+ ési for t > max{si,..., s}

!
Denote wp(t) = (n —1)(t+ 1) + >_ s;. This finishes the proof of 1) and 3).
i=1
To show 4), wp(t) = n(t +1) & M(t) = {y\" : k < t,j = 1,...,n} & P = [0]; And
wp(t) =0 M(t) =0 < 1d(A) = {y1,...,yn} < V(P) is a finite set.
It suffices to show d-dim(P) = n — [ to complete the proof of 2). Assume d = 0-dim(P) =
d-tr.degK (n)/K. W.L.O.G, let n1,...,ng be a differential transcendence basis of K (n) over K. Thus,

l
wp(t) = tr.degK(ngﬂ, . ,ny[f})/K =m-0Dt+1)+ > s > tr.degK(ngﬂ, . ,ng])/K =d(t+1),
=1

i=
and n — [ > d follows. Conversely, let {z1,..., 2,1} = {y1,-- -, ¥n}\{¥s(1),-- > ¥o()}- Since any
nonzero polynomial in K{z1,...,2,_;} is reduced w.r.t. A, we have K{z1,...,z,;} NP ={0}. So
{#z1,...,2n—1} is an independent set modulo P and can be enlarged to be a parametric set of P.
Thus, n — | < 6-dim(P) = d. Hence, n — I = d = 6-dim(P). O

Definition 4.3.5. Let V. C A™ be an irreducible differential variety over K and P = I(V). The
above wp(t) is defined as the differential dimension polynomial of P or V, also denoted by wy (t).

Remark:

1) The d-dimension polynomial of an irreducible §-variety V' C A™ is of the form
wy(t) =d(t+ 1) + s, where d = 6-dim(V).

The number s is defined as the order of V', denoted by ord(V'). The order is the rigorous defini-
tion for the notion “the number of arbitrary constants” of the solution of algebraic differential
equations.

2) In the partial differential case, (K,{d1,...,0mn}), we have the similar notion of differential
dimension polynomial. There, wy (t) = ap (*I7") + am—1 (t”:n"izl) + -4 a1(t+ 1) + ag, where
am, = 0-dim(V).

Example: Let W = V(y/) C Al and V = V(y’) C A W SV but §-dim(W) = 6-dim(V). Note
that wy (t) = 1 and wy (t) = 2.

The next proposition shows that J-dimension polynomial is a finer measure than d-dimension.
Proposition 4.3.6. Let W,V C A" be irreducible §-varieties and W G V. Then wy (t) < wy (t).
Proof. Let Py = I(W) and P, = I(V). Then W G V implies that P; 2 P. So for ¢ sufficiently
large, P N K[ygt], e ylf]] 2PN K[ygt], e ,yw], consequently,

ww (t) = dimPy N K[ygt], cee, ylf]]

<dimPyn K[, ..yl

O

We end this section by showing that an irreducible §-variety is differentially birationally equiva-
lent to an irreducible d-variety of codimension 1.
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We now identify elements of the differential coordinate ring K{V} = K{yi,...,yn}/I(V) with
K-valued functions on V' and call them differential polynomial functions on V. And each element of
K(V) = Frac(K{V}) can be identified as a differential rational function on V. If n € V, g e K(V)
is defined at n if g(n) # 0 (f,g € K{V}).

Definition 4.3.7. Let V C A™ and W C A™ be irreducible §-varieties over K. A differential rational
map ¢ : Voo — W is a family (fi,.., fm) € K(V)™ such that o(n) = (fi(n),.... fun(m)) € W
whenever the coordinate functions f1,..., fm are defined at 1. ¢ is called dominant if the Kolchin
closure of (V') is W (or equivalently, ¢ maps a generic point of V' to that of W ).

And, @ is called a differential birational map if ¢ is dominant and there is a dominant differential
rational map Y : W --- — V, called the generic inverse of ¢ such that

o if ¢ is defined at n and v is defined at p(n), then Y(p(n)) = n;
e if 1 is defined at & and ¢ is defined at (&), then p((€)) =&.
In this case, we also call V and W are é-birationally equivalent.

Theorem 4.3.8. Suppose (K, 0) contains a nonconstant element. Let P C K{uy, ..., Ug,Y1,---,Yn—d}

be a prime §-ideal with a parametric set {ui,...,uq}. Then Fay,...,an_q € K s.t. [Pw — a1y1 —
s — Ap_qYn—d) C K{u1,...,uq, Y1, -, Yn—d,w} has a characteristic set of the form
X(uy,...,uq,w)
Il(uh sy "LLd,W)yl - Tl(ula v 7ud7w)
In—d(ula <oy Ud, W)yn—d - Tn—d(ula <oy Ud, W)

w.r.t. the elimination ranking up < -+ <ug <w <Y1 < -+ < Yn_d-

Proof. Let n = (u1,...,44,Y1,-.-,Yn—q) be a generic point of P. Introduce n — d new differential
indeterminates \p, ..., \,_q over K(n). Let

J=[P,w—My1 — — A—a¥n—da] € K{u1,...,0q, Y1y Yn—d, M, --s An—ds W}
Then J is a prime d-ideal with a generic point
§= (U1, s Uds Y1y s Un—ds A1y - - s Anmdy MY1 + -+ An—aln—d)-
Since 0-dim(P) = d, §-tr.degK (n)/K = d and

0-tr.degK () /K = d-tr.degK (n) /K + 0-tr.deg K (n) (A1, ..., An—a)/K(n)

=d+n—d=n.
So Jy = JN K{uy,...,ug,A1,..., \n—g,w} # [0] and {u1,...,uq,A1,...,A\n—q} is a parametric
set of Jy. Let {R(ui,...,ug,A1,...,\n—d,w)} be a characteristic set of Jy w.r.t. the elimina-
tion ranking u; < - < ug < A\ < -+ < Ay—g < w. Denote s = ord(R,w) > 0. Since

R(Uy, ... ,Ugy Ay ey Ap—dy MU1++ -+ An—dln—a) = 0, for j = 1,...,n—d, take the partial derivative
of this identity w.r.t. )\gs) on both sides, then we obtain
OR OR _
A o W=l 1)
J
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8(3) and 8R) are obtained from B(S) and
A oA

J
(ﬂlw"7ad7)‘15"'5>\n—d7)‘1§1 +"'+)‘n—dyn—d) Note that s) ¢ J)u S0 a (s) ?é 0. Ab () €
K{n}{A1,..., \n—q} is nonzero, by the non-vanishing theorem of nonzero polynomials, Fay . an d €

K s.t. %b\i:ai € K{n}\{0}. Let I(ui,...,uq,w) = %b\i:ai € K{ul,...,ud,w}. Then
I(uy, ..., 0q, 151+ + Gn—dn—d) = &U(S)L\Z a; 7 0.

Let J, = [P,w —aiy1 —+ — apn—q¥n—a) € K{u1,...,uq,y1,...,Yn—q,w}. Then J, is a prime
0-ideal with a generic point

where by substituting (w1, ..., ud, A\, .- Ap_g,w) =

a (S)

ga - (ala o 7ﬂd7g17 o 7gn*d7 a’lgl +--- 4+ an*dgn*d)'

Clearly, I(u1,...,uq,w) ¢ Jq. Let Tj(ui, ..., uq,w) = —d‘)/\—]f —a;- By (4.1),
J

I(uy, ..., ug,w)y; — Tj(ui,. .., uq,w) € Jg.

Since o-tr.degK (£,)/K = d, J, N K{u1,...,uq,w} # [0] with a parametric set {uy,...,uq}. So its
characteristic set consists of a single §-polynomial. Let X (uq,...,uq,w) be an irreducible polynomial
constituting a characteristic set of J, N K{uy,...,uq,w} w.r.t the elimination ranking Z : u; <

- < ug < w. For each j, take the differential remainder of Iy; — T; w.r.t X (under &). Since
I¢ J,NK{us, ..., ug,w}, d-rem(ly;—T}, X) is of the form ijj—TJQ where I}, TJQ € K{uy,...,uq,w},
I; ¢ J,.

Claim: X (uq,...,uq,w), 1yn — TP, .. L q¥Yn—d — Tq?—d is a characteristic set of J, w.r.t. the
elimination ranking u; < -+ < ug < w < y1 < -+ < Yp—q. Indeed, for all f € J,, first perform
the Ritt-Kolchin reduction process for f w.r.t. Iiys — TV, ..., In_qYn—a — Tgfd, then we get fy €
Jo N K{ui,...,ug,w}, thus fo could be reduced to 0 by X. Thus, we have proved the theorem. [

Remark:
1) The above irreducible X (u1,...,uq,w) is called a differential resolvent of P or V(P).

2) With the obtained aq,...,a,_q, we have K{(u1,...,Ud, Y1, -, Un-d) = K{U1,...,Uq,a151 +
4 ap—qYn—d)- (Proposition 4.2.14) In the case d = 0, this is the primitive theorem.

Corollary 4.3.9. Let (K,6) contain a nonconstant element. Let V- C A™ be an irreducible §-variety.
Then V is §-birationally equivalent to the general component of an irreducible 0-polynomial (i.e., an
irreducible d-variety of codimension 1).

Proof. Suppose §-dim(V') = d and {uy, ..., uq} is a parametricset of P = L(V) C K{u1, ..., ug, Y1,-- -, Yn—d}-
By Theorem 4.3.8, 3ay ...,a,—q € Ks.t. J, = [P, w—a1y1— *—Gp—qYn—d] C K{u1,...,uqg, Y1, Yn—d,w}
has a characteristic set of the form

X(up,...,ug,w)
Il(ul)' . .,Ud7W)y1 - Tl(ula cee 7ud7w)
In—d(uly < 7ud7w)yn—d - Tn—d(ula R ,Ud,(.d)

w.r.t. the elimination ranking u; < -+ < ug < w < y1 < -+ < Yp_q, where X is irreducible (x).
Let W = V(sat(X)) C A%*! be the general component of X.

e Define ¢ : V- = W by p(ur,...,uq, Y1, Un—a) = (U1,...,Ud, G1Y1 + - + An—dYn—d)
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e Define ¢ : W--- =V by ¥(uq,...,ugw) = (u,...,uq, 71}((31135:’)), - ?Z:Z((lesji)))
Let & = (u1,...,Uq,T1,---,Yn—d) be a generic point of V and n = (41, ..., U, @) be a generic point
of W. It is easy to show that both ¢ and v are dominant, and (v o 9)(§) =&, (po¥)(n) = n from
(%). So V and W are d-birationally equivalent. O

Example: Let K = (Q(t),2) and V = V(y},y5) € A%(K). Introduce new d-indeterminates
w, A1, A2 and consider J = [y, yh,w — Aiy1 — Aaya] € K{w, A1, 2,91,y2}. To eliminate yi,y2 in
order to get X (w) € K{w}, we have

w —>\1 —)\2
R(w, A, A2) = |/ =X =X = (MNy — Ma)w” — (M — M A2)w’ + (MAY — MAS)w.
W N N

Sry1 + ngj = Sry1 + (Aaw’ — Nyw), Srya + ng"; = Srya — (Mo’ — Mw) with Sp = M\, — Mg,
Choose A\ = 1, A\ = t, then Sp =1 # 0. So
X(W) = w”a Y1+ (tw/ - UJ), Y2 — w,

is a characteristic set of [y, vh,w — y1 — ty2] (C K{w,y1,y2}) w.r.t. the elimination ranking w <
y1 < y2. Let W =V(w”) C Al. Then V and W are d-birationally equivalent. Indeed, let

@ Vv cee w and ¢Y: W ... — Vv
(y1,92) == w1 +tye w o (w— W),

Then, ¢ 0 p(y1,42) = »(y1 + ty2) = (1 + ty2 — t(y1 + tya)', (Y1 + ty2)") = (Y1,92) and Y o P(w) =
w— tw' 4+ tw’ = w. Note that X (w) is a d-resolvent of V', and if ¢1, ¢y are algebraic indeterminates
)

with ¢} = ¢, =0, then Q(t)(c1, c2) = Q(¢t){c1 + tca).



Chapter 5

Symbolic-integration for elementary
functions

5.1 Symbolic integration of elementary functions

Let (R,D) be a differential ring and Cr = {r € R | D(r) = 0} be the ring of constants of (R, D).
We have the following facts:

1) Let 1 be the identity in R, then D(1) = 0.

2) For any n € N, a € R, D(a") = na"'D(a).

3) If b is invertible in R, then D(%) = D)D),

4) If a; is invertible in R, then f 7, Dlapl-ai) _ g~ D)
) If a; is invertible in R, then for any m; € ) T Zsz

1 ms -
-a :
1 s i=1

5) Let Der(R) = {D : R — R | D is a derivation on R}. Then Der(R) is a R-module, i.e.,
r1D1 + reDg € Der(R) for all 71,73 € R and Dy, Dy € Der(R).

Let (R,D) and (R,D) be differential rings. If R C R and D|g = D, then (R,D) is called a
differential extension of (R, D).

Theorem 5.1.1. 1) Let (R, D) be a differential integral domain. Then D can be uniquely extended
to the quotient field F' of R by

D(a)b — aD(b)

D(%) - b2

2) Let (F,D) be a differential field and o be algebraic over F'. Then D can be uniquely extended
to the algebraic extension F(«).

3) Let (F,D) be a differential field and t be transcendental over F. Then D can be uniquely
extended to F(t) by fizing the value D(t) € F(t).

Example: Let F = Q(x) and « € F satisfying that
402 — 92 = 0.
Then %(4@2—9x):8a%_9:0:>%:%_

45



46 CHAPTER 5. SYMBOLIC-INTEGRATION FOR ELEMENTARY FUNCTIONS

In general, we have

Theorem 5.1.2. Let (F,D) be a differential field of characteristic 0 and « be algebraic over F.
Then D(«) € F(a).

Proof. 1f o # 0. Assume that P € F[z] be the minimal polynomial of «a, i.e., P(a) = 0 and P is
irreducible over F. Write P = Pyaz® + Py_12% ' + ... + Py, with P; € F and PyP; # 0.

D(P(@)) = D(P)(a) + Pr()D(«),

d .

where D(P) = Z D(P)at, P, = Y. iPx*~ . Since P is irreducible, we have ged(P, P;) = 1, which
i=1

implies aP + bP =1 for some a,b € F[z]. Thus,

—D(P)(@)

D(a) = P (o)

= -D(P)() - b(a) € F(a).

O

Corollary 5.1.3. Let a(x) be an algebraic function over C(x). Then a(x) satisfies a nontrivial
linear differential equation with coefficients in Clz], i.e.,

d"a d"la
Pn d n +Pn 1 dxn—l

where P; € Clz] and P, # 0 should be P; not all zero.

+- 4 Poa =0,

Proof. Since goj € C(z)(a) and [C(z)(a) : C(z)] = n < oo, we have {a, 92 ... 42} is linearly

dependent over C(x). O

Example: Let F' = C(z), D = <. We first show that ¢ = exp(z) is transcendental over F'.
Note that D(¢) = t. Suppose that exp(z) is algebraic over F'. Then there exists an irreducible
polynomial P = Py + Py + --- + y™ € Fly] with Py # 0 s.t.
"+ Pyat" 4 Py =0
= nt" D) + D(Po_)t" '+ (n — 1) P, D)t 24+ +D(Py) =0
= nt"+ (D(Py_1) + (n— )Py )t" L+ 4+ D(P) =0

= DED];D) =n#0.

Claim: D(y) = ny has no nonzero solution in C(x).

If f= L:;) is a nonzero solution of D(y) = ny, then

D(f) = D(p”q‘pD(Q) =™ D)~ g = D). ()

Suppose that ¢ ¢ C. Then ¢ = (x — \)™q, where g(\) # 0.
D(q) = m(z —N)"'g + (x = \)"D(q) = (z — )™ ' | D(g) but (z — A)™ { D(q).

But by (), we have ¢ | pD(q), q | D(q) (since ged(p,q) = 1), this implies (z — X\)™ | D(q), which

yields a contradiction. Thus, ¢ = exp(x) is transcendental over C(z).
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Remark: By a similar argument, we can prove that ¢ = log(z) is transcendental over C(z).
Let t = exp(z). We can extend D = dd—w on C(z) to C(x)(t) by defining Dt = ¢.

Let t = log(z). We can extend D = <L on C(x) to C(z)(t) by defining Dt = 1.

Definition 5.1.4 (Elementary extensions). Let (E,D) be a differential extension of (F,D). Let
te E. We say that

e ¢ is algebraic over F, if 3P € F[x]\F s.t. P(t) =0;

e ¢ is exponential over F', if 3a € F s.t. D(t) = D(a) - t;

t is logarithmic over F, if 3a € F\{0}, s.t. D(t) = D(a)

a

t is said to be elementary over F if t is algebraic, exponential, or logarithmic over F.

E is said to be elementary over F if E = F(ty,...,t,) and t; is elementary over F(t1,...,t;_1)
foralli=1,...,s. If F =C(x), any element of E is called an elementary function over C(x).

Example: Let F'=C(z), D = %. Consider the function

™

\Jlostexply/ )2 + 2+ 1)

fz) =

We show that f(x) is elementary over C(x). Let E = C(x)(t1,t2, t3,t4) with
1
t; = ,/m,tg = exp(t1), t3 = log(t3 + 2 + 1)ty = /13.

Definition 5.1.5. Let (F,D) be a differential field and f € F. If there exists an elementary extension
(E,D) of (F,D) and g € E s.t. f =D(g), then we say that f is elementarily integrable over F'.

Then f =7 € E.

Problem: Given f € F = C(x)(t1,...,t,), an elementary extension of C(z), decide whether f is
elementarily integrable over F. We will show that the following elementary functions:
exp(x) 1

2

, sin(x?)

have no elementary (indefinite) integrals.

Definition 5.1.6. Let (K,D) be a differential field, t be transcendental over K. Assume that Dt €
K|t], and P € K[t]. We call P a special polynomial if gcd(P,D(P)) = P, and a normal polynomial
if ged(P,D(P)) = 1.

Remark: If P is irreducible, then P is either special or normal. If P is not irreducible, then P can
be neither special nor normal.

Example:

1) Let K = C(x), t = tan(x). Then D(t) = 1+t2. Let Py = 142, we have D(P;) = 2t(1+t?), so
Py is special, Let Py = t?, we have D(P%) = 2t(1 +¢?). Then P, is neither special nor normal.
P3 =t is normal.
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2) Let K = C(z), t = exp(x). Then P; =t is special and P, =1+t is normal.

3) Let K = C(z), t = log(x). Then all monic irreducible polynomials P are normal since
deg, D(P) < deg, P.

Definition 5.1.7. Let K be a field of characteristic 0 and t be transcendental over K. Let f € K(t)
and P € K|[t] be irreducible. Then f = P™ -g, for some m € Z, g = ¢ € K(t) with a,b € K[t] and
ged(a, b) = 1 such that P 1 ab, we call m the order of f at P, denoted by ordp(f).

Lemma 5.1.8. Let P € K|t] be irreducible and f,g € K(t). Then

1) ordp(fg) = ordp(f) + ordp(g);
2) ord(f + g) > min{ordp(f),ordp(g)}. The equality holds when ordp(f) # ordp(g).

Remark: If P is not irreducible, then 1) may not be true. For example, P = t?, f = g = t,
ordp(fg) > ordp(f) + ordp(g).

Lemma 5.1.9. Let (K,D) be a differential field and t be transcendental over K with D(t) € K]|t].
Let f € K(t) and P be irreducible in K[t]. Then

1) ordp(D(f)) > ordp(f) — 1;

2) If P is a normal polynomial, then

>0, ordp(f) =0
0

ordp(D()) = {ordp(f) —1, ordp(f) #
Proof. 1) Write f = P™g = P™{, ged(P,ab) = 1, m = ordp(f).
If m = 0, then

D(a)b — aD(b)

7 )>0>—1.

ordp(D(f)) = ordp(D(%)) = ordp(

If m # 0, then

D(f) = (mP"'D(P))Z + P"D(}) = P"" (mD(P)Z + PD(3)).

Since ged(P, ab) = 1, ordp($) = 0, we obtain ordp(mD(P)$%) > 0

a bDa — aDb

D<6) = = = ordp(D(

= ordp(D(f)) > m —1=ordp

(S

a

EL

) > 0= ordp(PD(%)) >1= ordp(mD(P)% + PD(
H-t.

) > 0. If ordp(f) # 0, then ordp(D(f)) > ordp(f) — 1 by 1).

—

2) If ordp(f) = 0, then ordp(D

Since P is normal,

—~

a

ged(P,D(P)) =1 = ordp(D(P)) =0= ordp((umle(P))g) =m— L
Since ordp(P™D(%)) > m. Then ordp(D(f)) =m — 1. O

Remark: Lemma 5.1.9 is very useful in the following discussion. In particular, we have ord p(%) =

—1if ordp(f) # 0, and ordp(D(f)) # —1 when P is an irreducible normal polynomial.
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Proposition 5.1.10. Let (K,D) be a differential field and F be a differential extension of K. If
t € F is such that a = t?’ € K and a # %%’ for alln € N, w € K\{0}, then t is transcendental over
K, Cgu = Ck and t is the only irreducible special polynomial in K[t].

Proof. Assume that ¢ is algebraic over K, then 3 an irreducible polynomial P = 2" + P,_j2" ' +
-+ Pix+ Py EK[I‘] with Py # 0 s.t.

"+ Py t" e+ Py =0
By D(t) = at, we have
ant™ 4+ (P! | + Py y(n—Da)t" 1 +... 4 Py =0.

15

2 Po € K\{0}, which contradicts the hypothesis. So ¢ is transcendental

Pl

Then an = ?o = a=
0

over K.

If Ck(1) # Ck, then 3% € K(t)\K, ged(p, q) = 1, satisfies that

N D(p)q — pD(q)

5 =0= D(p)g =pD(q) = p| D(p) and ¢ | D(q) = p, ¢ are both special.
q q

Claim: Special polynomials in K[t] are of the form bt™, b € K, m € N.
Let P = Ppt" +---+ Py be a polynomial in K[t] with P,, # 0 and P; # 0 for some i € {0,...,n—1}.
Then D(P) = (D(P,) + Pyna)t™ + --- + D(Fy). If P is special, then P | D(P), we have

D(P,) +nP,a _ D(P;)+iPa

P, P
. _D(Pi) D(Pn)_D(PZ/Pn) _ 1 D(PZ/Pn)
== T T TRJR, T a—i BB,

This contradicts the hypothesis. So the claim is valid and ¢ is the only irreducible special polynomial
in K[t]. Therefore, £ = b, b € K and m € Z\{0}. It’s easy to check D(£) # 0 and Cg ;) = Cx. O

Corollary 5.1.11. exp(f(z)) is transcendental over C(x) if f € C(x)\C.
MfrsorneneN>0

Proof. Let t = exp(f(x)), f € C(2)\C. Then 22 = D(f(x)). If D(f) = L2t
(D(f)) is either > 0 or

and g € C(z)\{0}. Let P be any irreducible polynomial in C[z]. Then ord
< —1, but

1
n
P

ordP(M) _ { >0, ordp(g) =0

9 —1, ordp(g)#0°

Thus ordp(g) = 0 for all P, and we obtain ¢ € C, D(f) = 0, f € C, a contradiction. ¢ is
transcendental over C(x) by Proposition 5.1.10. O

Proposition 5.1.12. Let (K,D) be a differential field and F be an differential extension of K. Let
t € F be such that D(t) € K and D(t) # D(u) for any u € K. Then t is transcendental over K,
Ck@) = Ck and all irreducible polynomials in K[t] are normal.
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Proof. Assume that ¢ is algebraic over K, then 3 an irreducible polynomial P = 2" 4+ P,_j2" ' +
<-4+ Pix+ Py € Kx] with Py # 0 s.t.

"+ Pyt Py =0.
By D(t) = a € K, we have
(na +D(P Nt ' + (Po_i(n— Da+D(Po))t" 2 +---4 Pla+D(Py) =0

Then na + D(P,—1) =0=D(t) =a = D(—an_l), a contradiction.

n

Let P(t) ="+ P,_1t"" ' + -+ + Py € K[t] be an irreducible polynomial.
D(P) = (na + D(P,_1))t" ' + (Po_1(n — 1)a+ D(P,_o))t" 2 4 --- 4 Pia+ D(Py)
= deg,(D(P)) < deg,(P) = ged(P,D(P)) = 1.
Assume that f = ¢ € Ck( with ged(a,b) = 1. Then

D(a)b — aD(b)
p(f) = 2D
=a | D(a) and b | D(b) = a, b are both special
=a,b€ K = f € Cx = Ck) = Ck.

= 0= D(a)b—aD(b) = 0= D(a)b=D(b)a

O
Corollary 5.1.13. log(f(x)) is transcendental over C(z) if f € C(z)\C.
Proof. Let t =log(f(x)). Then D(t) = %. Claim: D(t) # D(g) for any g € C(x).
Otherwise, % = D(g). Since f € C(z)\C, there exists an irreducible polynomial P € C[z] s.t.
ordp(f) # 0. Then ordp(%) = —1. But ordp(D(g)) # —1 for any P, a contradiction. O

5.2 Liouville Theorem and its applications

Let (E,") be a differential extension of (F, ) with char(F) = 0. Let « € E be an algebraic element
n—1 )

over I’ with the minimal polynomial P = 2" 4+ ) Pz’ € Flz]| s.t. P(a) =0. Then [F(«a): F]=n
i=0 ~

and {1,q,...,a" 1} is a basis of F(a) over F. Assume that A1,...,\, be roots of P in F. Then

we have

Py=(=1)"Ai--- X\,
For any 5 € F(«), we define ¢35 : F(a) = F(«) by ¢5(v) = 7, Vy € F(«). Then ¢(p) is linear and

{Pnl =~ 4+ M)

we call ¢g the multiplication map associated with 5. Let {a1,...,a,} be a basis of F(«) over F'.
Then
aq aq
¢5 = Mﬂ , where Mg e .
Qn Qn
The matrix Mg is called the matrix representation of 5 w.r.t. the basis {aq,...,a,}. We know that

the matrix representations of 8 w.r.t. two different bases are similar.
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Definition 5.2.1. Let § € F(a) and Mg be a matriz representation of 8 w.r.t. some basis. We call
Tr(Mpg) the trace of B in F(a) over F', denoted by Trp(qy/r(8) and call det(Mpg) the norm of 3 in
F(a) over F, denoted by Np(a)/r(B)-

Remark: Since similar matrices have the same trace and norm, the above definitions of traces and
norms are independent of bases.

Assume that A, B € F™*™" are similar, i.e. 3 invertible P € F**" st. A= P~'BP. Then
N[ — A| =X - P7'BP|=|P Y\ - B)P| = |\ — B).

So the characteristic polynomial of A and B are the same.
Write A — Al = A"+ a, 1A\ 1+ +ag= (A= A1)~ (A= A\n). Then we have

Tr(A) =X+ + X\
det(A) = A1+ Ay

So Tr(A) and det(A) are stable under similar transformations.

n .
Theorem 5.2.2. Let o be algebraic over F with the minimal polynomial P = Y Px' € Flx]. Let
- - i=0
a1 = a,Qo, ..., ay be the distinct roots of P in F, and o; : F(a) — F be the F-embedding defined

by oi(a) = a. Then o;(B') = (0i(B))" for any § € F(«).

Proof. It suffices to show that o;(c’) = (0i())’. Let Py = Y Pla* and P, = Y iPz~L.

i=0 =1
Then for any root a; of P,
Po(a
af = — b(e) = Q(wy), where Q € F[z] and deg,(Q) <n —1.
Pr(ai)

Then for any i € {1,2,...,n}, we have
gi(a}) = 0i(Q(a1)) = Q(oi(an)) = (i)' = (vi(ar))”.
O

Proposition 5.2.3. Let (F,) be a differential field of characteristic 0 and « be algebraic over F
and o # 0. Let 1,2 € F(«). Then

1) Te(Br + B2) = Te(B1) + Tr(B2);
2) N(B1B2) = N(B1)N(B2);
).

5) Nk =T

o

n—1 )
Proof. We only show 3). Let P = 2™ + > Pz’ € F[z]| be the minimal polynomial of . Then the
=0

multiplication matrix of o w.r.t. the basis {1,a,...,a" !} is of the form
0 1 o - 0
0 0 1 0
M, = e
0 0 0 1

- - —-P - =Py
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Then |#I — My| = Py + Piz + -+ P,_12" ! + 2™ Then

Tr(a) = —=Pp—1 = o1(@) + -+ - + op(a)
N(a) = (-1)"Py = o1(a) - - op ().

In general,! we have V3 € F(a),

Then,

O

Theorem 5.2.4 (Liouville’s Theorem). Let (F,") be a differential field of characteristic 0 and f € F.
If there exists an elementary extension E = F(t1,...,t,) with Cp = Cp and g € E s.t. f =4, then
JveF, u,...,um € F*=F\{0}, c1,...,¢m € CF s.t.

m !
/ Uy
f =v + E Ci—.
: Us
=1

Proof. We proceed by induction on n. When n = 0, £ = F' and the assertion holds by taking v = g¢
and ¢; =0 (for all = 1,...,m). Assume that the assertion holds for n < s — 1. We now consider
the case n = s. Let K = F(t1). Then E = K (ta,...,ts), which is an (s — 1)-tuple extension of K.
We apply the hypothesis assumption to K and E.2 Then there exist © € K, 1i1,. .., u;, € K\{0},

Cly...,Cm € Ck, s.t.
m

~ !
- U
f=v+ E Ci—-
X Ug
i=1

Case 1: 1y is algebraic over F' with [K : F| =r.
Then there exist r F-embeddings o : F'(t1) = F (j =1,...,r). Since f € F, we have

f=03() = 030 + Y a0 = oy(0) + Y o)
i=1 v i=1 ¢
=S rf=Y 0;(0) + ZZ@@(?) = (Te(®)) + ) 6 %((?)/.
j=1 i=1 j=1 v i=1 v

Then

m ’ ~ ~
: T :

f=v+ E ci&, where v = r(v)GF,CZ-:&EC’Fandui:N(di)EF*.
—~ u r

3 T

Case 2: t7 is transcendental over F'.
If ¢; is either exponential or logarithmic over F', then

m ~/
i
t e Flty), f=79+ Zczu—l B, ; € F(ty).
i=1 "

1See Lang Algebra, P. 284-288, Proposition 5.6.
2Note that F C K C E and Cr = CEg, thus Cx = Cg
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W.L.O.G., we may assume that 4; € F[t;] is irreducible and coprime to each other if 4; ¢ F' (using
the logarithmic derivative formula).

Claim 1: For any irreducible normal polynomial P € F[t;], we have
) Ol"dp( ) > 0;
2) ordp(u;) =0fori=1,...,m.

Proof of the Claim 1 1) Suppose that ordp(v) < 0. Then ordp(?’) = ordp(v) — 1. Note that
ordp(f) =0 and

’u,Z > 0, Ordp(di) =0
ordp(—) = -

U —1, ordp(a;) #0
which implies that

U;

ordp(?") = ordp(f — Z ZTZ
i=1

S

a contradiction. Thus, 1) is valid. i
2) Suppose that ordp(d;) # 0 for some i € {1,...,m}. Then ordp(¢;i-) = —1. By 1), we have

m ~/
ordp(f — ") > —1, but ordp(} ¢%-) = —1, a contradiction. Therefore, Claim 1 is proved.
i=1

Case 2.1: tq is logarithmic over F, i.e., t| = Z—g for some ug € F.

In this case, we first show that ¢} # «’ for any u € F. If t| =« for some u € F, then (t; —u) = 0.
ti—uedC F(t) = Cr = t1 € F, which contradicts the assumption that t; is transcendental over F.
Then all the irreducible polynomials in F'[t;] are normal by Proposition 5.1.12. By Claim 1, we have
u; € Fforalli=1,...,mand 0 € F[t;]. Since f — Zc}”g € F, we have

1=

U = cot1 +v, where ¢g € Cp and v € F.

Then
m ~! / m ~/
~/ ~ Ujg Uq / ~ U
f=v+§ cifzcof+v+g Ci—.
X (7 UuQ X U;
i=1 =1

Hence the assertion holds.
Case 2.2: t; is exponential over F, i.e., t| = uyt; for some uy € F.
/ / / / 1
We first show that % # 1% for any | € N\{0} and a € F\{0}. If % = 7%, then (%)’ =0,
l
SO % € Cpy) = Cr, which contradicts the assumption that ¢; is transcendental over F. Then

by Proposition 5.1.10, the only irreducible special polynomial in F[t1] is ¢;. By Claim 1, we have
v E F[tl,tl_l] and at most one of 4;’s is equal to t1, say u; = t;. Then

m ! t m ! m u /
~ 1 ~ ~ 1 (2
g — =a-t+ E ¢i— = (Glup) + E — e L
— Uj i1 — i — i
=1 1=2 1=2

m ~ B
Since f € F, wehave ¢/ = f— 3" ¢4 € F. We claim that ¢ € F. Suppose that 0 = Y~ a;t} ¢ F.
=1 —d<i<d
Then 3 —d < i < dwithi#0s.t. a; #0. Then

= Z (a; + dugha; )t

—d<i<d
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Since v’ € F and t; is transcendental over F', we have

mo
which is a contradiction. Hence f = (0 + ¢iug)’ + > c}% u; € F. This completes the proof.
i=2
g

Remark: There is a stronger version of Liouville’s theorem saying that if f has an elementary
integral in £ = F(t1,...,t,), then 3v € F, c1,...,¢p € Cp, and uy, ..., um € F(cy, ..., cp) s.t.

m !
/ Uy
f=v+ E c;i—L.
: U;

i=1

7

See Bronstein’s Book: Symbolic Integration (Theorem 5.5.3).
But we will consider complex functions which is defined over C. And we knew that C is algebraically
closed. So we can always assume that no new constants is needed to express the integral.

Applications of Liouville’s Theorem
We can now show that

1Og1(x)7 eXI;(ZE)7 exp(exp(z)), log(log(z))

exp(z?),

have no elementary integral.

Example 1: f = exp(2?) has no elementary integral.

Let F' = C(z)(f), which is elementary over C(z). Note that f is transcendental over C(x). If f has
an elementary integral, then 3v € F, ¢1,...,¢p € Cp =C, and uy,...,u, € F s.t.

m /
/ U,
f=v+ E ci—.
- Us

=1

By the order estimate, we have, for all irreducible normal P € C(z)[f], ordp(v) > 0 and ordp(u;) = 0.
Then v € C(z)[f, f~!] and at most one of u;’s is equal to f. Since degs(f — E czul) =1, we have

v=af+b, where a,b € C(x) and a # 0. Then f = (af) = (d’ +2xa)f, Wthh 1mphebl—a + 2za.
By the order estimate, we have shown that the equation 1 = ¢y’ + 2zy has no solution in C(z). So
f = exp(2?) has no elementary integral.

Example 2: f = T has no elementary integral.
Let F' = C(x)(t), with ¢t = log(x), which is transcendental over C(x). If f has an elementary integral
over F, then 3v € F, uy,...,uy, € F\{0}, and ¢y, ..., ¢, € C s.t.

m

, u
f—v+§ Ci—.
Uy

=1

By the order estimate, we can show that ordp(v) > 0 and u; = t or ordp(u;) = 0 for any irreducible
normal polynomial P € C(x)[t]. In fact, if P # ¢, then

dp(u) = >0, ordp(v)>0
R —1, ordp(v) <0’



5.2. LIOUVILLE THEOREM AND ITS APPLICATIONS 55

m ’
But ordp(} — ) ;) is either > 0 or —1. Then we have ordp(v) > 0. If ordp(u;) # 0 for some
i=1 "

i€{1,...,m}, then ordp(} — 3 cZZ—;) = —1, contradicts with ordp(v") > 0. Then ordp(u;) = 0 for
i=1

allie {1,...,m}. If P =t, then ordp(%) = —1, which implies that u; = ¢ for some ¢. Then

1 O~ U
Z:vlﬁ-ci?-i-zcj'uf]', c; € C.
j=1
J#i

Thus, 1 = ¢;t' = czé, which is a contradiction.
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Chapter 6

Algorithms and open problems in
differential algebra

6.1 Well-ordering theorem for differential polynomials

Let (K,0) be a differential field of characteristic 0 and consider the differential polynomial ring
K{Y} = K{yi1,...,yn}. We have introduced the theory of differential characteristic sets in Section
2.1, in this section we focus on the computational aspects.

We now come to the well-ordering of a (finite) differential polynomial set ¥ C K{Y}. Fix a
ranking Z on K{Y'}.

Definition 6.1.1. An autoreduced set of lowest rank among all autoreduced sets belonging to % (i.e.
each element belongs to ¥) is called a basic set of X.

Lemma 6.1.2. Let X be a finite set of nonzero §-polynomials in K{Y}. Then ¥ necessarily has
basic sets and there is a mechanical method in getting such a basic set in a finite number of steps.

Proof. As ¥ is finite, the existence of basic sets is evident. So the problem reduces to a mechanical
generation of such a set. To show this, first choose A; € ¥ of lowest rank. Let ¥; = {f € ¥ |
f is reduced w.r.t. A1}, If ¥ = ), then output A;. Otherwise, choose Ay € ¥ of lowest rank.
Then A, Ay is autoreduced. Let Yo = {f € X | f is reduced w.r.t. Ay, Ao}, If X9 =0, A;, Az is a
basic set of 3. Otherwise, choose A3z € X5 of lowest rank and proceed as before. As Ay, Ay, As...
constitute an autoreduced set, we have to stop in a finite number of steps and finally get a basic set
in a mechanical manner. O

Lemma 6.1.3. Let X be a finite set of nonzero §-polynomials with a basic set A : Ay, Aa, ..., A, of
which Ay ¢ K. Let B be a nonzero d-polynomial reduced w.r.t. A. Then the set 31 = X U {B} will
have a basic set of rank lower than that of A.

Proof. If B € K, then B is a basic set of ¥; of rank lower than that of A. Otherwise, there exists
i such that rk(B) < rk(A4;) and rk(B) > rk(A4;—1). Since B is reduced w.r.t. each A;, we obtain
Aq,...,A;_1,B is an autoreduced set in 1 of rank lower than A. The basic set of X1 will have
therefore a fortiori a rank lower than that of A. O

Let 3 be a finite set of §-polynomials in K{Y'}. Set ¥; = ¥. By Lemma 6.1.2, 3; has a basic
set, say Ay. Let Ry = {é-rem(f, A1) | f € Z1\A1}\{0}. If Ry = 0, ouput A;. If Ry # 0, set
Y9 = ¥1 U R; and X5 has a basic set, say As. By Lemma 6.1.3, As is of lower rank than A;. If
Ry = (), output As. Otherwise, we can proceed as before. In this way we shall get a sequence of sets

57
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of d-polynomials 31 C ¥y C --- with corresponding basic sets A1, Asg, ... having decreasing ranks.
Thus, such a sequence can have only a finite number of terms. In other words, if 3, is the last one
of such a sequence with a basic set Ay, then Ry, =0, i.e., V f € X, d-rem(f, A;) = 0. Output A,.

Yi=X C Y9=X1URy C .-+ C quzq_lLJRq_l
Ar > Ao > e > Ay (6.1)
Ry #0 Ry # () R,=10

Definition 6.1.4. The above A, is called a characteristic set of the finite d-polynomial set 2.

Theorem 6.1.5 (Well-ordering Principle). Given a finite §-polynomial set 3 C K{y1,...,yn}, there
is an algorithm to obtain a characteristic set A of X after mechanically a finite number of steps.
Moreover, we have

V(A/H4) CV(X) CV(A),

and
V(¥)=V(A/H ) U UAeA(V(E,IA) UVv(x, SA)).1

Proof. The first assertion has been shown above the scheme. Note that Ry C [¥] for each k, so

V(Eg) = V(Zk+1) and thus, V(E;) = V(Ez) = --- = V(Xg) = V(X). On the other hand, since
d-rem(f, Aq) = 0 for all f € B¢, Fia,s4 € Nsit. [[aeq, I4SK f € [Ag]. It follows that any d-zero
of Ay, which doesn’t annul H 4, is necessarily also a d-zero of 3, and thus a d-zero of 3. O

Remark: Each newly obtained d-polynomial set ¥ U {I4a} or ¥ U {Sa} has basic sets of rank
lower than that of ¥. X, U {I4} (or U{S4}) has basic sets of rank lower than that of 3, and
V(3q,14) = V(3,14). Continuing the above procedure for ¥, U {I4} or ¥, U {S4} and also for the
new J-polynomial sets obtained, since the basic sets are strictly decreasing, this procedure has to
end in a finite number of steps and so we get the following.

Zero Decomposition Theorem (Weak Form)
There is an algorithmic procedure which permits us to give for 3 a decomposition of the form

V(E) = UkV(Bk/HBk),

where By, is a characteristic set for some d-polynomial set.

Example: Let f =y] + 1 and g = y1 + v in Q(¢){y1,y2}

(1) Consider the elimination ranking #; with y; > yo. We compute a characteristic set of the set
Y = {f,g} following the scheme (6.1). Let ¥; = ¥X. A basic set of ¥; is A; := ¢g. Compute
ry = Srem(f, A1) = f—¢g =1—194. So Ry = {r1}. Let ¥ = S U{r} = {f,g9,m1}. A basic set
of 39 is Ay := r1,9. Compute ro £ d-rem(f, A2) = 0. So Ry = ) and a characteristic set of X is
.Az =T,9.

(2) Consider the orderly ranking %5 with y; > y2. Let X1 = X. A basic set of 31 is A1 = g, f. So
R; = () and a characteristic set of ¥ w.r.t. %» is A= g, f.

6.2 Differential Decomposition Theorems/Algorithms

In this section, we shall consider the main decomposition problem in differential algebra and give a
partial answer to it:

"Ha = [ 4e41aSa, V(A/HA) = {n € K" | A(n) = 0 and Ha(n) # 0}.
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Decomposition Problem: Given a finite subset ¥ C K{Y}, decompose the radical J-ideal {¥}
into an irredundant intersection of prime d-ideals: {X} =P NP nN---NPF,.

Since a prime J-ideal P is completely determined by its characteristic set A (i.e., P = sat(A)),
the above decomposition problem can be separated into the following two problems:

Problem 1: Given ¥, to find a finite set A of autoreduced sets of K{Y}, each of which is a
characteristic set of a prime d-ideal containing 3, such that A contains a characteristic set of each
component of {¥}. That is, {X} =sat(By) N---Nsat(B;) with A = {B1,...,B;}.

Problem 2: Given an aotureduced set A of K{Y }, to determine whether or not A is a characteristic
set of a component of {X}.

Problem 2’: Given that A and B are characteristic sets of the prime d-ideals P and (Q respectively,
to determine whether or not P C Q.

Decomposition Problem = Problem 1+ Problem 2
= Problem 1 + Problem 2’

Remark:
(D Problem 1 has been solved (Ritt-Kolchin decomposition Algorithm)

(2) Problem 2 in the general case is still not solved, and we have a complete answer for the case
when ¥ consists of a single §-polynomial given by Ritt’s component theorem and the low power
theorem.

(3 Although it is trivial to decide whether P = @, Problem 2’ is currently open, even for the
special case below:

Ritt’s problem Given A € K{yi,...,yn} irreducible with A(0,...,0) = 0, decide whether
(0,...,0) is a zero of sat(A), or equivalently, whether sat(A) C [y1,...,Yn]-

In this section, we shall focus on a solution of Problem 1.
Question: Given an autoreduced set A C K{Y'}, give a necessary and sufficient condition for A to
be a characteristic set of a prime d-ideal P C K{Y}.

Lemma 6.2.1 (Rosenfeld’s lemma in ordinary differential case). Let A= Ay,..., A, be an autore-
duced set in K{Y'} w.r.t. a ranking and f € K{Y'} be partially reduced w.r.t. A. Then

fesat(A)=[A] - HY & f € (A) : HY.

Proof. “<=" Trivial.
“=" Suppose f € sat(A). Then 3m € N and ¢;; € K{Y'} s.t.

L Lo 0
Ar= Zlcz'oAi + 21 -21 cijAi (%)
1= 1=1y=

Note that for j > 1, Agj) = Sa, - 8 (ua,) + Ty for some T;; € K{Y} free of 6/(uys,;). Let ® =
{69 (ua,) | eij #0,5 > 1,i =1,...,p}. If ® £ 0, take the greatest v = §’(uy,) in ® and substitute

8 (uq,) = —ép“ at both sides of (x) and set ® = ®\{v}. Continue this process and successively
Aq
substitute 67 (uy,) = _% into () for all /(uy,) in ®. Clearing denominators by multiplying a
A

power product SlA of S4, at both sides of the obtained equality, we have
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p
Sf4. = ZlcgoAi, where ¢;, € K{Y'}.
Thus, f € (A) : HY. -

Lemma 6.2.2. Let A be an autoreduced set in K{Y'} w.r.t. a ranking Z. Then A is a 0-
characteristic set of a prime 0-ideal if and only if (A) : HY is a prime algebraic ideal in K{Y'}
and (A) : HY contains no nonzero element reduced w.r.t. A.

Proof. “=" Take a smallest finite subset V' C ©(Y") such that A C K[V]. Let I4 = {f € K[V] |
Im e Nst. HRf € (A)}. Then we have (A) : HY = (L4)k(yy and 14 = ((A) : HY) N K[V].? By
Lemma 6.2.1, sat(A) N K[V] = ((A) : HY) N K[V] = I4. So I is a prime ideal and consequently,
(A) : HY = (I4) gy} is prime too. Since A is a characteristic set of sat(A), (A) : H} contains no
nonzero d-polynomial reduced w.r.t. A.
“«<" To show (I) sat(A) is prime and (2) A is a characteristic set of sat(.A).

(D Given fi, fo € K{Y'} with ff; € sat(A). Let r; = d-rem(f;,.A). Then H' f; = r; mod [A] =
riry € sat(A) partially reduced w.r.t. A = By Lemma 6.2.1, r; € (A) : HY or rp € (A) : HY.
Thus, fi € sat(A) or fo € sat(A).

() Vf € sat(A), suppose r = d-rem(f, A). Then r € (A) : HY by Lemma 6.2.1. Since r is reduced
w.r.t. A, r =0. Thus, A is a d-characteristic set of sat(.A). O]

Remark 6.2.3. Given an autoreduced set A C K{Y}, denote V to be the set of all derivatives
appearing effectively in A. By the proof of Lemma 6.2.2,

A is a d-characteristic set of a prime d-ideal

< In K[V], A is an algebraic characteristic set of 14 and 14 is prime.

So the question has been reduced to an algebraic one. Below, we follow Wu’s constructive theory for
wrreducible ascending chains.

Algebraic Case: Let A = Ay,..., A, C K[u1,...,uq,21,...,2p] be an ascending chain (i.e., an
autoreduced set with all elements of order 0) w.r.t. the ranking u; < --- <wug <z < --- < z, and
ld(AZ) = Y;.

Ay = Li(ug,. .. ,ud)le + *x’lnl—l B T
Agzlgul...Udl'1$m2+*l'm271+...+*-

A ( ) ) ) ) 2 2 ) degree (A“xj) - m] for j - .
Ap = Ip(u17 <oy Udy Ty - -,xp_1)lep -+ *{L”Ir)npil + ek,

Definition 6.2.4 (Irreducible ascending chain). A: Ay,..., A, is said to irreducible if A possesses
the following properties:

o Let Ko = K(uy,. .. ,ug) be transcendental extension field of K adjoining ui, . . -, Ug. Then Aq,
as a polynomial Ay in Kolz1], is irreducible in Ko[z1]. Take a solution m of Ai(x1) =0 and
set K1 = Ko(?]l).

*Indeed, for all f € (A) : HX, Jca € K{Y} s.t. HYf =3, ,ca- A Rewrite f and each ca as é-polynomials
in ©(Y)\V with coefficients in K[V], then f = >, fi(V)M; and ca = >, ca,(V)M; with M; being distinct 4-
monomials in O(Y)\V. Then H} f; = >, 4ca, - A in K[V]. Thus, f; € T4 and (A) : HY = (Ia)k(yy. Similarly,
Iqa=((A):HY) N K[V].
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o Ay = Ag(ugy ... ug,m,z2) € Ki[za] is irreducible. Take a solution ng of /ig(xg) =0 and set
K2 = K1 (7’]2)

o A; = As(ui,...,uq,n,n2,x3) € Kolxs] is irreducible. Take a solution n3 of fid(azg) =0 and
set K3 = K2<773).

e Suppose that proceeding in the same manner, we get successively algebraic extensions K; =
Ki_1(n;), polynomial A; = A;j(u1,...,ug, M-, Ni—1, ;) is irreducible in K;_1[x;].

The obtained point 1) = (u1,...,uq,M,-..,"Np) is called a generic point of the irreducible A.

Note: The irreducibility of A could be determined mechanically relying on factorization algorithms
on towers of algebraic extensions.

Lemma 6.2.5. If the ascending chain A is irreducible with a generic point ) = (ui, ..., ug, N1, ., Mp),
then
prem(f, A) = 0 & f(7) = 0.

Furthermore, asat(A) = (A) : I% is a prime ideal with A a characteristic set of it.>

Proof. Let Ay = Ay,..., A (1 <k <p). Then A is irreducible in K[uy,...,uq,21,...,x] with
a generic point 7y = (ug,...,uq,M,...,n). We shall prove by induction on k the following two
assertions:

(k) Ik(mk—1) # 0 for I}, = init(Ay).
(2x) If Ry € K[ug,...,uq,21,. ..,z is reduced w.r.t. Ai and Ri(7;) = 0, then R = 0.

First note that (1j) is a consequence of (25_1). And (1;) is trivial. So it suffices to prove (2;) by
induction on k. For k = 1, if R; is reduced w.r.t. A; = Ay, then deg(R1,z1) < my. But Ri(1) =0
= A; | R1 = Ry =0. Suppose (2_1) has been proved. Consider any Ry € K[uy,...,uq,21,...,Tk|
reduced w.r.t. Ay and Ry(r;) = 0. Rewrite Ry as a polynomial in zy, then Ry = sox};+81x};_1+- ce
sy for s; € Kluy,...,uq,x1,...,x5_1] and r < my. Since Ry is reduced w.r.t. Ay, each s; is reduced
w.rt. Ag_i. Since Ry(nx) = 0 = Sonj, + s~117£_1 + -+ S with §; = si(u1, .-, ug My oy M—1)5
r<mg =5 = 0Vi=0,...,r. By induction hypothesis on (24_1), s; = 0 = Ry = 0, which
completes the proof of (2;). Thus, by induction (1) and (2) are proved.

If prem(f, A) =0, I" ---I]lff € (A) = f(7) =0by (1). Given f with f() =0, r = prem(f,.A)
= r(f7) =0 = r =0 by (2). Thus, prem(f, A) =0 < f(7) =0.

Clearly, asat(A) = {f € K[ui,...,ug,z1,...,2p] | f(7) = 0}. Thus, asat(.A) is prime and A is a
characteristic set of asat(A). O

Another characterization of irreducibility of ascending sets:
Consider now A : Ay,..., A, not necessarily irreducible. Suppose 3k s.t. Ap—1 := Ay,..., A
is irreducible with a generic point ng_1 = (u1,...,ug, M, ..,Mk—1) and A € Kj_1[xg] is reducible
with
Ak =91 9gh
in which each g; € Kjy_1[zy] is irreducible and h > 2. Since the denominators of coefficients of g;
are polynomials in 7,_1, by multiplying a common multiple of the denominators, we get

DAy =Gy -Gy,

3Remark: prem(f, A) (= §-rem(f,.A)) obtained only by performing the proof of Theorem 2.1.12.
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in which D € Kluy,...,uq,x1,...,25—1], Gi € Kluy,...,uq,x1,...,2x| and G; = Gi(m—1). We
may also assume D and G; are reduced w.r.t. Ay.
Write DA, — G1---Gp, = Zz BZJJ?C with B; € K[ul, o Udy Ty ,:Iikfl]. Then

> Bi(ni_1)z}, = 0= B; € asat(Ap_1) = I;"" - L' B € (Ap_1)
i

= I L' (DAg — G1--Gy) € (Ai,..., Ay) where s; = max{r; ;}.

Lemma 6.2.6. Given an autoreduced set A = Ay, ..., Ay, if A is reducible, then 3k (1 < k < p) and
some D € Klui,...,ug,1,...,25-1) and G; € Kluy,...,ug,x1,...,xx] s.t. Ap—1 = A1,..., Ap—1
1s irreducible and

DAk = GlGQ s Gh mod (»Ak—l)
where D is reduced w.r.t. Ax_1 and deg(Gj, zx) > 0. Thus,

Zero(A/14) = Zero(A, D/14) U Zero(B1 /14 - D) U---UZero(By/14 - D),*
where B; is obtained from A by replacing Ay by G;.

Return to the differential case: Fix a ranking #Z on K{Y}. Given a finite subset ¥ C K{Y'},
mechanical procedures to decompose V(X):

Step 1: Apply well-ordering principle to >::
V() = V(A/Ha) UUsea(V(Z,14) UV(Z,S4))
== UpV(By/ Jy).

Step 2: Consider V(By/Ji). If By is reducible, then regard By as an algebraic ascending chain in
K[V] w.r.t. the ordering induced by #. Then at stage i, By i—1 = By 1, .., Bji—1 is irreducible and

DBk,i = G1 ce Gh mod (Bk,i71)7
where D is reduced w.r.t. By ;—1 and each G has the same leader as By, ;. Thus,

V(By/ ) = V(By, D/ Jy) UUL_ V(B ;/D - Jy)
= UJV(Ck,j/HCk,j)'

Here, B/;j is obtained by replacing By, ; by G;. Continue this procedure until we get the following

Zero Decomposition Theorem (Strong Form)
There is an algorithmic procedure which allows us to give for any finite ¥ a decomposition of the
form

V(E) = UkV(IRRk/Jk . Gk),
where IRRy, is a d-irreducible autoreduced set and J, = HIRRk'

Differential decomposition Theorem
V(X) = UpV(sat(IRRg)), or equivalently, {£} = Nngsat(IRRg).

Recent Algorithms:

(D Regular decomposition: {3} = ([A1] : HY, ) N -+ N ([An] : HY, )

4Zero(*) means an algebraic variety.
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(2 (Factorization-free) Characterizable decomposition: {¥} = sat(A;) N --- Nsat(A;), with A;
being a characteristic set of sat(.A4;).

(3 Rosenfeld-Grobner algorithm/Maple.

Application (Mechanical Theorem Proving)
Example: Kepler’s Laws = Newton’s Gravitation Laws

r=p+exr
(In polar coordinates) (Kl) T = P p/ = =0
Kepler’s Laws 1 —ecos(f) — ;o (In rectangular coordinates)
(Ky) 20" = h Ty =
=0
Here, p, e, h are constants.
11\2 M2Y,.4 _
(In polar coordinates) Nl) a = Const ((.Z ) + (y ) )7" =k
Newton’s Laws r2 — K=0 (In rectangular coordinates)

(No) (2",9") = —Const - (—z, —y) 2y — g =0
HYP = {T —Pb— €.’L',p,, ela xy/ - x,y - ha hlv ((x//)Z + (y//)2>T4 - k}
Conc = {k', 2"y — 2y }.
under non-degenerate Conc — 0.
condition J#0
Rename variables (p, e,r, z,y, h, k) = (x21, 22, x31, 32, X33, T51, T52) and take the elimination rank-
ing with T91 < T9g < 31 < x32 < x33 < T51 < T52. Use the well-ordering principle with selecting
"weak” basic set (not necessarily autoreduced, but initials and separants are partially reduced).

To show HYP =0

r=p+ex xh =

P = Ty = Py

e = To1 + To2w32 — x31 = F3
HYP {2y —2y=h = Y { T32Thy — Thox33 — w51 = FY

h/ =0 .%'/51 = F5

2 =a® 4y @y +afy — 23 = Fy

(") + "))t =k T3y + oy — vy = Fy

S = {F, F,..., Fy).

Ay = F\, Fy, Fy, Fs, Fy, Fy.

r1 = 6-rem(F5, A1) = daoy (23,23, — a3, + 203,201 — z3123, )2, + w3121 (2)? — 2 23,).
Yo =X U {7’1}.

.AQ = {Fl,FQ,Tl,Fg,F4,F6,F7}.

Ry =10.

So A = Ag.

§-rem (255733 — 232745, A) = 0 with hy = 16x§3x§2:p21.

{5-rem(xgz,A) = 0 with by = —128a8325,23,
So V(HYP/Hpuyp) C V(Conc).
Note that HHYP = 43321(1‘%11‘%2 — 1‘%1 + 2.%‘%133‘21 — 1‘311‘%1)1‘331‘22 g 41‘21.17311‘%21‘%3.
Non-degenrate elliptic orbits = z91 = p # 0,231 =r # 0,290 = e # 0,233 =y # 0.
Thus, Kepler’s Laws (K1) and (K2) = (N7) and (N2).



